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Maximal Function Characterizations of Hardy Spaces 
Associated to Homogeneous Higher Order Elliptic 

Operators 

Jun Cao, Svitlana Mayboroda and Dachun Yang* 


Abstract Let L be a homogeneous divergence form higher order elliptic operator with complex 
bounded measurable coefficients and {p-{L), p+{L)) be the maximal interval of exponents q G 
[1, oo] such that the semigroup {e~*^}t>o is bounded on L'^(R"). In this article, the authors 
establish the non-tangential maximal function characterizations of the associated Hardy spaces 
for all p € (0, p+{L)), which, when p = 1, answers a question asked by Deng et al. in 
[J. Funct. Anal. 263 (2012), 604-674]. Moreover, the authors characterize 77)](R”) via various 
versions of square functions and Lusin-area functions associated to the operator L. 


1 Introduction 

Let m G N := {1, 2, ...} and L be a homogeneous higher order elliptic operator of the form 

L:= ^ (1.1) 

\a\=m=\/3\ 

where a := (ai, ..., a„) and /3 := (/3i, • ■ •, dn) belong to (Z_|_)” := (NU{0})", ja] := ai H-hctn, 

|/3| := di +• • • + dn and {aQ,_/ 3 }|Q,|=m=|/ 3 | are bounded measurable functions mapping R” into C (see 
Subsection 2.1 below for the exact definition of L in (1.1)). The aim of this article is to establish the 
maximal function characterizations of the associated Hardy space 77£(]R") adapted to L, which, 
when p = 1, answers a question asked by Deng et al. in [21]. It is now well known that such a 
Hardy space adapted to L, which has appeared in [21, 15], is a good substitute of the Lebesgue 
space L^(]R”), for smaller p, when studying the regularity of the solution to the corresponding 
elliptic equation (see, for example, [17, 18, 16, 19, 22, 34, 13, 25, 24, 23, 32, 14]). 

Notice that, if L = —A := — Ej=i is the Laplace operator, the Hardy space 77£^(R") 

is just the classical Hardy space 77^'(]R”) which has been systematically studied by Fefferman 
and Stein in their seminal paper [26]. In the same paper, Fefferman and Stein also established 
various real-variable characterizations of 77^(1^"), including their non-tangential maximal function 

2010 Mathematics Subject Classification. Primary: 42B30; Secondary: 42B20, 42B35, 42B37, 46E30, 35J48, 
47B06, 47B38. 

Key words and phrases, higher order elliptic operator, off-diagonal estimate, Hardy space, maximal function, 
square function, molecule, Riesz transform. 

Svitlana Mayboroda was partially supported by the NSF grants DMS 1220089 (CAREER), DMS 1344235 (IN¬ 
SPIRE), DMR 0212302 (UMN MRSEC Seed grant), and the the Alfred P. Sloan Fellowship. Dachun Yang is 
supported by the National Natural Science Foundation of China (Grant Nos. 11171027 and 11361020) and the 
Specialized Research Fund for the Doctoral Program of Higher Education of China (Grant No. 20120003110003) 
and the Fundamental Research Funds for Central Universities of China (Grant Nos. 2013YB60 and 2014KJJCA10). 

* Corresponding author 


1 



2 


JuN Cao. Svitlana Mayboroda and Dachun Yang 


characterization and Littlewood-Paley function characterizations. Recall that, for all / € L^(R") 
and X € R", the non-tangential maximal function jVa(/)( 3^) is defined by 


J^A{f){x) 


sup 

(y, t)^r{x) 




( 1 . 2 ) 


here and hereafter, for all x € R", 

r{x) := {{y,t) : \y - x\ < t} (1.3) 

denotes the cone with vertex x and R"+^ := R" x (0, oo). Recall also that, if n = 1, the non- 
tangential maximal function characterization of 77 p(R") was proved by Burkholder, Gundy and 
Silverstein [11] more early, which constitutes one of the motivations for Fefferman and Stein to 
study the real-variable theory of 77 p(R”). 

Let L = —div(AV) be the second order elliptic operator, where V := (gf^, gf-) and 
A := A{x) is an n X n matrix of complex bounded measurable coefficients defined on R” and 
satisfies the ellipticity condition 

A|^|'<5^e(ri^?) and |ri^CI<A|C||C| 


for all C G C” and for some positive constants 0 < A < A < oo independent of ^ and Hofmann 
and Mayboroda [28] (for p = 1), and Jiang and Yang [31] (for p G (0, 1]) established the non- 
tangential maximal function characterization of the associated Hardy space iJ£(R"). Recall that, 
for all / G L^(R"') and x G R", the non-tangential maximal function Afrif) is defined by 


■^L{f){x) 


sup 

{y,t)er{x) 


1 

¥ 


IB{y, t) 


,-f‘L 


U){z) 



(1.4) 


here and hereafter, for all (y, t) G R"'*'^, B{y, t) := {z G R" : \z — y\ < t}. Observe that the 
non-tangential maximal function (1.4) is a little bit different from (1.2). The main reason for 
adding an extra averaging in the spatial variable in (1.4) is that we need to compensate for the 
lack of pointwise estimates of the heat semigroup (see [28] for more details). 

Now, let L be a homogenous 2m-th order elliptic operator as in (1.1), where {fla,,s}|a|=m=|/ 3 | 
are bounded measurable functions mapping R" into C satisfying the Ellipticity condition (fp) or 
the Strong ellipticity condition {£i) (see Subsection 2.1 for their definitions). Some properties of 
Hardy spaces iJ^(R") associated with a homogeneous higher order elliptic operator L as in (1.1), for 
p G (0, 1], have already been established in [15, 21]. To be precise, let L be the homogeneous higher 
order operator defined as in (1.1) that satisfies the Ellipticity condition (fo). Eor all / G L^(R") 
and X G R", the L-adapted square function SL{f) is defined by 


SL{f){x) := 



dydt 


1/2 


(1.5) 


The following definition of Hardy spaces is motivated by [28, 31, 29]; see also [21, 15] for the 
case when p G (0, 1]. 

Definition 1.1. Let p G (0, 2], L be as in (1.1) and satisfy the Ellipticity condition (fo)- A function 
/ G L^(R") is said to be in the space ]HI^(R") if S'l(/) G LP(R”); moreover, let ||/||ifP(Rn) := 
II‘S'l(/)||lp(R")- The Hardy space iL£(R") is then defined as the completion of ]H1^(R”) with respect 
to the quasi-norm j] • l[i/P(Rr.). 

For p G (2, oo), the Hardy space iLg(R”) is then defined as the dual space of the Hardy space 
7Lg.(R"), where L* denotes the adjoint operator of L in L^(R") and p' := G (1, 2) denotes 
the conjugate exponent of p. 
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For the Hardy space i7£(R”) with p G (0, 1], the authors in [15] established various characteri¬ 
zations of in terms of molecules, the generalized square function or the Riesz transform. 

Moreover, Deng et al. in [21] also established some other interesting characterizations of these 
Hardy spaces in the case oi p = 1. However, neither of the above articles gives the maximal func¬ 
tion characterizations of even in the case of p = 1 and it has been raised by Deng et al. 

[21] as an open question whether has the maximal function characterizations or not. 

Motivated by the above articles, the main purpose of this article is to establish the maximal 
function characterizations of the Hardy space associated with L as in (1.1). Based on [28], 

we first introduce the following versions of maximal functions associated with L. For A G (0, oo), 
/ G L^(R") and x G M", the radial maximal function, TZ^ Lif)^ associated with the heat semigroup 
generated by i, is defined by 




sup 

iG(0,cxD) 


ixty 


’ B{x, At) 


1 /)( 2 /) 


dy 


( 1 . 6 ) 


Similarly, the non-tangential maximal function, A/'^^(/), associated with the heat semigroup 
generated by L, is defined by 




sup 

{y, t)er>‘(x) 


{xty 




yf)y 


dz 


(1.7) 


where F'^(a:) for all x G R" is defined by setting 

T^{x) := {{y, t) : \y - x\ < Xt} . (1.8) 

In what follows, when A = 1, we remove the superscript A from TZ^ j^{f) and ^{f) for simplicity. 
Observe also that, if m = 1, then the maximal functions defined in (1.6) and (1.7) coincide with 
those in [28, 31]. 


Definition 1.2. Let L be as in (1.1) and satisfy the Ellipticity condition {Sq). For all p G (0, oo), 
the Hardy space ^(R") is defined as the completion of {/ G L^(R"') : Afh,Lif) G L^(R")} 
with respect to the quasi-norm 


^(R") •“ 11-^^. i(/)llLP(R") ■ 

The Hardy space H^^ j^(R”) is defined in the way same as H^^ ^(R”) with Nh,L{f ) in (1-7) 
replaced by TZh,L{f) in (i.6). 

Remark 1.3. By the argument that used in the proof of [28, (6.50)] with a small modification, 
we know that, for all p G (0, oo) and / G L^(R"), 

Wh.Lm 

LP(R") ||7^I.,i(/)lli,(r), 

which implies that, for all p G (0, oo), Hiy^ j^(R") = j;_(R"') with equivalent quasi-norms. 

Now, let {p-{L), p+(L)) be the maximal interval of exponents q G [1, oo] such that the family 
{e“*^}t>o of operators is bounded on L'?(R”). The following theorem gives out the maximal 
function characterizations of i7£(R") for all p G (0, p+{L)). 

Theorem 1.4. Let L he as in (1.1) and satisfy the Strong ellipticity condition {£i) (see Subsection 
2.1 below for its definition). Then, for all p G (0, p+{L)), i7£(R") = H^^ j,_(R") = ^(R") 

with equivalent quasi-norms, where 77^^ j;_(R”) o.nd H^^ ^^^(R") defined as in Definition 1.2. 
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The proof of Theorem 1.4 will be given in Section 3 of this article. 

Before describing our method to prove Theorem 1.4, let us first recall some key points of the 
methods used to establish the maximal function characterizations in [26, 28]. 

For all / e and x € R", let 


SA{f){x) 





dy dt 


2 


(1.9) 


be the Lusin-area function of / associated to A, where r(x) for all x £ R" is as in (1.3). For 
convenience, throughout the article, we distinguish in terminology the square function with gradient 
from the one without gradient via calling the former the Lusin-area function. 

Recall that Fefferman and Stein [26] established the maximal function characterizations of 
iJP(R") by developing the equivalence of the LP(R”) quasi-norms between A/a(/) in (1.2) and 
5'a(/) in (1-9). The heart of their proof is to control the integral Jg [5'A(/)(a^)]^ dx for some set 
E. By Fubini’s theorem, this is reduced to the corresponding estimates on a saw-tooth region 
TZ := Ua;g£;r(x) based on E, namely, we need to control 



Ve-‘^(/)(y) 


2 

dy dt. 


( 1 . 10 ) 


The main tool that they used to estimate (1-10) is Green’s theorem. To this end, they first replaced 
the region TZ by an approximating family {7^e}e>o of regions whose boundaries have certain uniform 
smoothness, and then applied Green’s theorem to reduce the estimates on TZ^ to its boundary. 
Finally, they used some properties of harmonic functions to estimate the corresponding integral 
on the boundary. 

Hofmann and Mayboroda [28] used the strategy similar to that of Fefferman and Stein [26]. 
However, there do exist some differences between these two methods. For all / £ L^(R") and 
X £ R”, let 


SL{f){x) 





if){y) 



( 1 . 11 ) 


be the square function of / associated to L, which was used in [28] to introduce the Hardy space 
iJg(R") associated with L = —div(AV). Notice that this square function, which is more convenient 
when introducing iJg(R”), is different from the Lusin-area function (1.9). Then, to obtain the non- 
tangential maximal characterization of 7L£(R"), Hofmann and Mayboroda [28] used a Gaccioppoli’s 
inequality to control >S'l(/) by another, Lusin-type, area function defined in a way similar to (1.9) 
with replaced by . Furthermore, they used the truncated cone to approximate the 

cone in (1.11) before applying Fubini’s theorem. This reduces to estimating the following integral 



(£•) 


Ve 




(/)( 2 /) 


2 

dy dt, 


( 1 . 12 ) 


where 7^“'’’ “ (E*) denotes a truncated saw-tooth region. Finally, in the estimate of (1.12), since 

^(/) is no longer a harmonic function and hence Green’s theorem cannot be used directly, Hof¬ 
mann and Mayboroda [28] made full use of the ellipticity condition of the operator —div(AV) and 
the divergence theorem to reduce the corresponding estimates to the boundary of a (E*). 

In the present article, to prove Theorem 1.4, we first point out that the proof of the inclusion 


iL^(R") C JR'*) 
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is relatively easy. Indeed, for p € (0, 1], by the molecular characterization of i?£(R") (see Theorem 
2.11 below), we only need to consider the action of the non-tangential maximal function Mh,L on 
each molecule of iJ£(R"). For p G [2, p+{L)), using the L^(R") off-diagonal estimates, we show 
that the radial maximal function TZh,L is bounded on which, together with relations 

between if£(IR") and L^(R") (see Lemma 2.12 below), the complex interpolation of iL^(R") (see 
Proposition 2.8 below) and Remark 1.3, implies that, for all p G (1, p+(L)), Aft, l is bounded from 
ij£(IR") to LP(W^). This furnishes the proof of the inclusion iL^(R") C 

For the proof of the converse inclusion of Theorem 1.4, when p G (0, 2], we adapt the strategy 
of [26, 28]. The higher order setting produces new problems and requires new tools. To be precise, 
let Sl and Sh,L be, respectively, the square function and the Lusin-area function as in (1.5) and 
(1.18). We obtain the converse inclusion by showing that, for all p G (0, 2] and / G L^(K"), 


I15'l(/)||lp(R") < ||5';j,i,(/)||LP(Rn) < 


KlU) 


LP(R”) ’ 


(1.13) 


where 7 G (0, 00 ) and the implicit positive constants are independent of /. More precisely, in the 
proof of the first inequality of (1.13), we need a new higher order parabolic Caccioppoli’s inequality 
(see (3.12) below). To obtain (3.12), we first establish a parabolic Caccioppoli’s inequality with 
gradient terms on the right hand side of the inequality (see (3.2) below). Then, by an induction 
argument from Barton [7], we remove the gradient terms and obtain an improved Caccioppoli’s 
inequality in (3.12). Also, in the proof of the second inequality of (1.13), in order to avoid the 
estimates on the boundary when applying the divergence theorem, we use some special cut-off 
functions. In this argument, the parabolic Caccioppoli’s inequality (3.12) is also needed. The case 
p G (2, p+(L)) of the first inequality in (1.13) is obtained via duality; see Proposition 3.6 and 
Corollary 3.8 below. 

With the help of Theorem 1.4, we point out that 7J£(R") can also be characterized by another 
kind of maximal functions. To be precise, for A G (0, 00 ), / G L^(R") and x G M", define the 
radial maximal function, TZ^ Lif)^ associated with the heat semigroup generated by L, by setting 


T^h,Lif){x) ■■= sup —— 
ie( 0 ,oo) I (At)" 


P m — 1 

/ E 




\my) 


dy 


(1.14) 


Similarly, define the non-tangential maximal function, L^f)^ associated with the heat semi¬ 
group generated by L, by setting 




sup 

(y, t)Gr^(a:) 


(At)’ 


■L 


B{y, At) 


m— 1 

E 






dz 


(1.15) 


where r^(x) for all x G R" is defined as in (1.8). In what follows, when A = 1, we remove the 
superscript A from TZ^ j^{f) and Af^ j^{f) for simplicity. Recall also that, if to = 1, TZ^ ^{f) and 
A/^ j^{f) coincide, respectively, with TZ^ ^(/) and Af^ ]^{f) as in (1.6) and (1.7). 

The following theorem characterizes iJ|’(R") via maximal functions defined as in (1.14) and 
(1.15). 

Theorem 1.5. Let L be as in (1.1) and satisfy the Strong ellipticity condition {£i). Then, for 
all p G (0, p_|_(L)), = F/A (R") = FtA (R") with equivalent quasi-norms, where 

HZ. (R") and iJC (R") are defined similarly as in Definition 1.2 with Aft l andTZh l therein 

replaced, respectively, by Afh,L andlZh.L- 
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The proof of Theorem 1.5 will be given in Section 3 of this article. 

Now we characterize if£(]R”) by using the non-tangential maximal function with only the (to — 
l)-order gradients of the heat semigroup generated by L. 

Let tjj G 2)) satisfy V'^lon B(0, 1) and, for all /c G {0, ..., to}, 

< 1 . 


For all (a:, t) G and y G M”, let 


( 1 . 16 ) 


Then G C^{B{x, 2t)) and 0 < < 1, 'tpx,t = 1 on B{x, t) and, for all fc G {0, ..., to}, 


Having fixed any ip as above, for any / G L^(IR."), x G K" and A G (0, oo), we introduce 
the following version of the non-tangential maximal function, J\f^ ^ lU)’ associated with the heat 
semigroup generated by L, by setting 




sup 

(y.t)Gr^(x) 




When A = 1, we remove the superscript A from for simplicity. 

Proposition 1.6. Let L be as in (1.1) and satisfy the Strong ellipticity condition {£i), and let 
Ip be a cut-off function defined as in (1.16). For any p G (0, p+(L)), denote by Hjj-^ ^ j;_(l^") Ihe 
Hardy space defined as with Mu, l replaced by Afh,ip, l- Then ^ j;_(]^") 

with equivalent quasi-norms. In particular, different choices of ip in the definition of ^ j;,(l^") 
above yield equivalent quasi-norms. 

The proof of Proposition 1.6 will be given in Section 3 of this article, where a higher Poincare’s 
inequality from [35] is used. 

By the method used in the proof of Theorem 1.4, we are able to characterize iL£(R"') via some 
more general square functions and Lusin-area functions. 

To be precise, for all A G (0, cx)), k G Z_|_ and / G L^(M"), the L-adapted square function 
fc(/) is defined by setting, for all a; G K", 


SiAf){x) := 


r^(x) 




k -t^^L 


(/)(?/) 


dydt 1 

fLTT \ 


1/2 


and the Lusin-area function ^ ^.(/) by setting, for all x G 




r^(x) 


{tVr{e-Lfe-^^-\f){y) 


\ 1/2 
dydt [ 
-fLTTj 


(1.17) 


(1.18) 


where T'^ is as in (1.8). For simplicity, if fc = 1, we remove the subscript k from fe(/) and, if 
/c = 0, we remove the subscript k from kif)- Also, if A = 1, we remove the superscript A from 
both St kif) and 5^,i,fc(/). 
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Definition 1.7. Let L be as in (1.1) and satisfy the Ellipticity condition {£q). For all fc S N and 
p G (0, oo), the Hardy space defined as the completion of 

{/GL2(R"): SL,k{f)GLP{R^)} 


with respect to the quasi-norm 


Moreover, for all k G Z+ and p G (0, oo), the Hardy space Hg^ ^ defined in the way 

same as JR”) with SL,k{f) in (1-17) replaced by Sh,L,k{f) in (1.18). 

The following theorem establishes the characterization of iJ£(M”) via, respectively, some square 
functions and some Lusin-area functions. 

Theorem 1.8. Let L be as in (1.1) and satisfy the Ellipticity condition (£o). Then 

(i) for all k G N and p G (0, p+{L)), i7£(R") = Hg^ with equivalent quasi-norms; 

(ii) for all k G N and p G (0, p+{L)), i7£(R") = H^^ ^ with equivalent quasi-norms. 

The proof of Theorem 1.8 will be given in Section 3 of this article. 

Let us end this section by making some conventions on the notation. Throughout the paper, 
we always let N := {1,2,...} and Z+ := N U {0}. Denote the differential operator 

simply by 9“, where a := (ai,... ,an) and |a| := oi + • • • + q;„. We use C to denote a positive 
constant that is independent of the main parameters involved but whose value may differ from line 
to line, and C(^a,...) to denote a positive constant depending on the parameters a, .... Constants 
with subscripts, such as Ci, do not change in different occurrences. If / < Cg, we then write 
f ^ g and, if / ^ 5 ^ /, we then write f ^ g. For any x G R", r G (0,oo) and A G (0,oo), let 
B(x,r) := {y G R" : |x — y| < r} and XB := B{x,Xr). Also, for any set E C R”, xe denotes its 
characteristic function and, for all z G C, 5Re z denotes its real part. 


2 The Hardy space 

In this section, we study the Hardy space iJ£(R”) associated with the homogeneous higher order 
elliptic operator L in (I.l). To this end, we first collect some known basic facts on L in Subsection 
2.1; then, in Subsection 2.2, we present some real-variable properties of the Hardy space i7£(R") 
associated with L for p G (0, oo). Recall that, for p G (0, 1], i7£(R") has been studied in [15, 21]. 
Our results here also include the case p G (1, oo). 

2.1 Homogeneous higher order elliptic operators 

Let m G N and IT'”’^(R") be the m-order homogeneous Sobolev space equipped with the usual 
norm 


ll/ll 




|q:|=?71 


1/2 
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For all multi-indices a and /3 in (Z+)” satisfying |a| = m = |/3|, let aa,j 3 be a complex valued 
function on R”. For all / and g € define the sesquilinear form ao, mapping 

ao(/, ff) := X! / aa^p{x)d<^f{x)d°‘g{x)dx. ( 2 . 1 ) 

II \ Q \ 

|a|=m=|/3| 

The following ellipticity condition on {fla,/ 3 }|a|=m=|/ 3 | is necessary. 

Ellipticity condition (£o)- There exist constants 0 < Ao < Aq < oo such that, for all / and 
g G 


and 


where 


f aa,i3ix)d^f{x)d°‘g{x)dx 

1 ai 


|a|=m=|/3| 


< Ao||V™/||i2(R„)||V™5llL=(r 


i > > Ao ||V"*/||| 2 (Rn 

, , _1^1 JR-^ 


\a\=m=\ 0 \ 




y] [ \dyix)\^dx 

I I JR" 

\a\—m 


1/2 


We also need the following strong ellipticity condition on p}\a\=m=\ 0 \- 

Strong ellipticity condition (£i). There exists a positive constant Ai such that, for all f := 
{'Ca}|c(|=m with fa € C and almost every x G M”, 


5Re< y] aa,/3(a:)^;3^a > > Ail^l^ = Ai < y] |Ca|^ 

[|a|=m=|^| J [|o!|=m 

Moreover, for all multi-indices a and /3 with |q;| = m = |/?|, a^,/? G L°°(R”). 

Remark 2.1. It is easy to see that the Strong ellipticity condition (fi) implies the Ellipticity 
condition (£io)- However, the equivalence between (Si) and {Sq) is only a specific feature of second 
order operators (see, for example, [ 6 , p. 15]). For more relationships on these two kinds of ellipticity 
conditions, we refer the reader to [4, p. 365]. 

Let us recall some basic facts on sesquilinear forms from [36, p. 3, Section 1.2.1]. 

Definition 2.2 ([36]). Assume that a : D{a) x D{a) —>■ C is a sesquilinear form in the Hilbert 
space H. 

(i) a is said to be densely defined if the domain of a, D(a), is dense in "H; 

(ii) a is said to be accretive if, for all u G D(a), 


(a(u, u)) > 0 ; 
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(iii) a is said to be continuous if there exists a nonnegative constant M such that, for all u, 
V S D{a), 


|a(u, v)\ < M||M||a||u||a, 
where ||u||a := {a{u, u)) + \\u\\l^] 

(iv) a is said to be closed if (I?(o), || • Hn) is a complete space. 


For a densely defined, accretive, continuous and closed sesquilinear form in the Hilbert space H, 
we have the following conclusion from [36, Proposition 1.22]. Recall that || • \\-h and (•, ■)'h denote, 
respectively, the inner product and the norm of 'H. 


Proposition 2.3 ([36]). Assume that a is a densely defined, accretive, continuous and closed 
sesquilinear form in the Hilbert space H . Then there exists a densely defined operator T, defined 
by setting 


D{T) := {m £ "H : 3 v £ H such that, for all <j) £ D{a), a(u, cf) = {v, 

and Tu := v for all u £ D(T), such that, for all A £ (0, oo), XI + T is invertible (from D(T) into 
TL) and {XI + T)~^ is bounded on TL. Moreover, for all X £ (0, oo) and / £ "H, 


A(A/ + T)-'(/) 


n 


< WfWn- 


For ao defined as in (2.1), from the fact that 1F™’^(]R") is dense in L^(IR") and the Ellipticity 
condition (So), we deduce that ao is a densely defined, accretive and continuous sesquilinear form. 

Moreover, let 1F™’^(]R") be the m-order inhomogeneous Sobolev space equipped with the usual 
norm 




1 1/2 




0<|a|<m 


( 2 . 2 ) 


For all / £ D{ao), by the Ellipticity condition (fg) and Plancherel’s theorem, it is easy to see that 
ll/lUo := (ao(/, /)) + ||/||i 2 (R„) ~ II/IIw'". 2 (r„). 

This, combined with the fact that 1F’"’^(K") is a Banach space, further implies that 

(ie-’ 2(R"), ll-lUo) 

is complete. Thus, ao is closed. Using Proposition 2.3, we know that there exists a densely defined 
operator L in L^(R") associated with ao, which is formally written as in (1.1). 

Let uj £ [0, 7r/2). Recall that an operator T in the Hilbert space TL is said to be m-w-accretive 
(or maximal tv-accretive) if 

(i) the range of the operator T + /, R{T + /), is dense in TL; 

(ii) for all u £ D{T), \ arg(T(u), u)'n\ < w, 

where arg(T(u), u)<n denotes the argument of {T{u), m)h; see [27, p. 173]. 

It is known that, by [27, Proposition 7.1.1], every closed m-w-accretive operator is of type tv in 
L^(R"), namely, the spectrum of T, a{T), is contained in the sector 


Sui ■= {z e C : I arg z\ < uj} 
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and, for each 9 G (w, tt), there exists a nonnegative constant C such that, for all 2 ; G C\ Sg, 
||(T— < C\z\~'^, where ||S'||£(^) denotes the operator norm of the linear operator 

S on the normed linear space 'H. 

Moreover, by [27], we know that, if T is of type w, then —T generates a semigroup {e“‘^}t>o, 
which can be extended to a bounded holomorphic semigroup {e~^'^}z^s° open sector 

■K/2 — UJ 


Sl/ 2 -uj := {z e C \ {0} : | arg 2 ;| < 7r/2 - w}- 


Recall that, by the Ellipticity condition (fo)i we know that L is an m-arctan j-accretive operator 
in L^(R”). Thus, —L generates a bounded holomorphic semigroup in the open sector 5° , a ■ 

'' 'K j 2 ,—circt 3,n 

The following T^(]R”) off-diagonal estimates of well known (see, for 

7r/2 —arctan ^ 

example, [2, p. 66], [21, Theorem 3.2] or [15, Lemma 3.1]). 


Proposition 2.4. Let L be as in (1.1) and satisfy the Ellipticity condition (So), and let uj := 
arctan^, where Aq and Aq are as in the Ellipticity condition (fo)- Then, for all i G (0, 1), 
k G the family of operators, {{zL)^e~^^};.^go ^ , satisfies the m-Davies-Gaffney estimates 

in z. That is, there exist positive constants C and C such that, for all f G L^(R"') supported in E 
and z G 


||(zL)'=e ^'^(/)||l 2 (f) < C'exp 


~[dist {E, f)]2-/(2—1) 

^ |z|l/(2m-l) 


\\f\\L^{E)- 


We now consider the L^'(]R") theory of {e“‘^}t>o- Let {p-{L), p+{L)) be the maximal interval 
of exponents p G [1, 00 ] such that {e“‘^}t>o is bounded on ^^’(M”). Let (g_(L), q+{L)) be the 
maximal interval of exponents q G [1, 00 ] such that {•\/tV'"e“‘^}t>o is bounded on L'J(R"). By 
[2, pp. 66-67] and [21, Theorem 3.2], we have the following conclusion. 

Proposition 2.5 ([2, 21]). Let L he as in (1.1) and satisfy the Ellipticity condition (Sq). Then 

(i) 


{P-{L), P+{L)) = (1, 00 ), 


when n < 2m, 


n + 2m’ n — 2m 


C {jP-{L), p+{L)), 


when n > 2m. 


(ii) q-{L) = p-{L), q+{L) > 2 and p+{L) > (( 7 +(L))*™, where, for any q G (1, 00 ), 

np 


when p < n, 


q ■= 



denotes the Sobolev exponent of q and g*™ means the m-th iteration of the operation q^ q*. 

(iii) For all k G Z+ and P-{L) < p < q < p+{L), the family {{tL)'^e~*^}t>o of operators satisfies 
the following m-L^-L'^ off-diagonal estimates: there exist positive constants C and C such 
that, for any closed sets E, F in M", t G (0, 00 ) and f G L^(IR.") fl L^’(]R") supported in E, 


UtLre-^^if) 


I n / 1 1 

\l<i{F) - 


' exp < —C 


[diE, F)]-^ 
1 

t2m-l 


II/IIlp(h" 
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(iv) For all P-{L) < p < q < q+{L), the family V)^e ‘^}t>o of operators satisfies the 

following m-L’P-L'^ off-diagonal estimates: there exist positive constants C and C such that, 
for any closed sets E, F in R", t G (0, oo) and f G fl LP(R^) supported in E, 


^^l/(2m)y 


.-tL 


if) 


<Ct^"-^t p^exp<—C 


[d{E, E)Y 


Li{F) 


t2„ 


IltCR")- 


Finally, we recall some results on the square root of L. Let L be defined as in (1.1). It is known 
that L is one-to-one and m-w-accretive. By [6, p. 8], we know that L has a bounded holomorphic 
functional calculus in L^(R"). Thus, its square root is well defined on L^(R"'). 

Auscher et al. proved the following result on Kato’s square root problem of (see [4, Theorem 


1 . 1 ]). 


Proposition 2.6 ([4]). Let L he as in (1.1) and satisfy the Ellipticity condition (So)- The square 
root of L has a domain equal to the Sobolev space bF™’^(R") defined as in (2.2). Moreover, there 
exists a positive constant C such that, for all f G VF’"’^(R"), 


1 

C 


VI(/) 


L2(B") 


< IIV" 


|L2(Rr.) ^ 


< c 


v^(/) 


L2(R") 


Proposition 2.6 implies immediately that the Riesz transform associated with L is 

bounded on L^(R"). Moreover, Auscher proved the following boundedness of on L^'(R") 

(see [2, p. 68]). 

Proposition 2.7 ([2]). Let L he as in (1.1) and satisfy the Ellipticity condition (So). Then, for 
all p G {q-{L), q^{L)), \I™‘L~^I'^ is bounded on L^'(R"). 

We also refer the reader to [9, Theorem 1.2] for a related result on the boundedness of 


2.2 The Hardy space 

Let L be the homogeneous higher order operator defined as in (1.1) that satisfies the Ellipticity 
condition (fo). Let iJ£(R") be the Hardy space associated with L defined as in Definition 1.1. In 
this subsection, we give some real-variable properties of iL£(R") for p G (0, oo). Our first result is 
the following complex interpolation of iL£(R"). Recall ([20]) that, for all p G (0, oo), a function E 
on R”'*'^ is said to be in the tent space TP(R’Y^^), if =: ||A(F)||LP(Rr.) < oo, where 

A(F)(x):=lj‘J^^^^lF(y,t)l^^j , (2.3) 

with r(a;) for all x G R" as in (1.3), denotes the A-functional of E (see [20] for more properties of 
tent spaces). 

Proposition 2.8. Let L be as in (1.1) and satisfy the Ellipticity condition (£q). Then, for each 
9 G (0, 1) and 0 < pi < p 2 < oo, 


[HlffR^),HlffR-)Y = Hl{R'^), 

where p satisfies ^ -I- ^ and [•, -(g denotes the complex interpolation (see, for example, [33, 

Section 7]). 
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Proof. The proof of Proposition 2.8 is a consequence of the complex interpolation of tent spaces 
and the fact that if£(]R”) is a retract of TP(R"“''^) (see [29, Lemma 4.20] for more details 
in the case when m = 1), the details being omitted. □ 

For iL|’(]R") with p € (0, 1], one of its most useful properties is its molecular characterization. 
To state it, we first recall the following notion of (p, 2, M, g)i-molecules. 

Definition 2.9. Let L be as in (1.1) and satisfy the Ellipticity condition (fo); P G (0; l]j e G (0, oo) 
and M G N. A function a £ L^(R") is called a (p, 2, M, e)^-molecule if there exists a ball B C M" 
such that, for each ^ £ {0, ..., M}, a belongs to the range of in L^(R") and, for all i £ Z+ and 
££{0,...,M}, 


{rjrL)-\a) 


L2(S.(B)) 


Assume that {ajjj is a sequence of (p, 2, M, e) L-molecules and {Xj}j £ P. For any / £ L^(R”), 
if / = Sj i^ L^(K."), then Xjaj is called a molecular (p, 2, M, e)^-representation of /. 

Definition 2.10. Let L be as in (1.1) and satisfy the Ellipticity condition (fo), and let p £ (0, 1], 
e £ (0, oo) and Af £ N. The molecular Hardy space iL£ is defined as the completion 

of the space 


]Hl£_, „ ,(R") := {/ £ L^(R") : / has a molecular (p, 2, M, e)L-representation} 


^L, mol, M, e 

with respect to the quasi-norm 




1/p 


'Em-] = E AjOj is a molecular 


(p, 2, M, e)L-representationj, 


where the infimum is taken over all the molecular (p, 2, M, e)i-representations of / as above. 

Theorem 2.11 ([15, 21]). Let L be as in (1.1) and satisfy the Ellipticity condition (So), p £ (0, 1], 
e G (0, oo) and M G N such that M > — Then iL£(R") = ^ e(i^”) with equivalent 

quasi-norms. 

For more characterizations of iL£(]R") with p G (0, 1], we refer the reader to [15, 21]. 

We now study the relationship between iL£(]R") and the Lebesgue space L^’(]R"). 

Lemma 2.12. Let L be as in (1.1) and satisfy the Ellipticity condition (Lq), and let p-{L) and 
p+{L) be as in Proposition 2.5. Then, for all p £ {p-{L), pj^{L)), iL£(R”) = L^’(R”) with equiva¬ 
lent norms. 

Proof. We prove Lemma 2.12 by borrowing some ideas from the proof of [29, Proposition 9.1(v)]. 
First, from [12, Propositions 2.10 and 2.13], it follows that, for all p G (p_(L), p+(L)), Sl is 
bounded on LP(R"). This, together with Definition 1.1, shows that, for all p G {p-{L), 2] and 
/ G L2(R") nLP(M"), 

ll/llffl’(R") := II'S'l(/)||lp(R'*) II/IIlp(R")i 
which immediately implies that, for all p G (p_(L), 2], 

(l 2 (m") n LP{W^)) c (l 2(R”) n iL£(M”)). 
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On the other hand, recall the following Calderon reproducing formula for L (since L has a 
bounded holomorphic functional calculus in L^(]R”)): for all g G 


g = C 


OO 1. 


{g) — =■ Ct:l,m o Ql, I,t{g) 


(2.4) 


holds true in L^(IR"), where C is a positive constant such that C ^2m(M+2)g 2t ^ M G N 
is sufficiently large, 

POO 

^ . / /+2m T\I 

^L,M •= / [t L) 

Jo 


^2mT\M+l^-t^^L 


and, for all A: € N, 


2m rL 


QL,Kf.= {t^^Lfe 

-2fTa>n\ O TTP I'lB" 


Thus, for p G (j>-{L), 2], if / G L^(R^) O ff£(R”), then, for all g G ^^(R") n LP (R"), by (2.4), 
duality between TP(IR"^^) and TP (R"'*'^) with l/p+ 1/p' = 1, and Holder’s inequality, we see that 


/ f{x)g{x) dx 

= C 

/ T^L,M 0 QL,i,t{f){x)g{x) dx 



Jr'^ 

f f 


= C 

/ / QL,l,t{f){x)QL*, M+l,t{ 

J JR"+^ 


■ dx dt 


<\\QL,i.t{m Ti>(R"+'-) IIQ.t'*, M+1, t(5)llT'p'(R"+i) 




r(-) 


(, 2 ™^.)M+ 1 ^_,-^.(^)(^) 


dy dt [ 

I 


1/2 


Lp'(R'*) 


where TP(R"^^) denotes the tent space and L* the adjoint operator of L in L^(R"). Since p' G 
[2, p+(L*)), similar to the boundedness of Sl on LP (R") for all p' G (p_(L), p+(L)), we have 

IIQl*, M+l, 4 ( 5 ) 117 '?' (R”+ 1 ) ^ llff llz,p'(I®") ’ 

which, combined with the arbitrariness of 5 , implies that / G LP(R") and 


II/IIli>(R") ^ ll/llff£(R") ; 

and hence (L^(R") fl iJ]((R")) C (T^(R") fl L^’(R")). By density, this finishes the proof of Lemma 
2.12 for p G {p-{L), 2]. The case p G [2, p+(L)) follows from Definition 1.1 and a dual argument, 
the details being omitted. This finishes the proof of Lemma 2.12. □ 

Combining Lemma 2.12, Propositions 2.7 and 2.8, together with the fact that is 

bounded from to the classical Hardy space HP{W^) for all p G ( ^/(^ , 1] (see [15, Theorem 

6 . 2 ]), we conclude the following proposition, the details being omitted. 

Proposition 2.13. Let L he as in (1.1) and satisfy the Ellipticity condition {£ 0 ). Then, for all 
i n+m ’ g+i^))’ is bounded from iJK(R") to iJP(R"). 

Now, we establish the generalized square function characterization of i7£(R”), which is available 
in [29] for m = 1 and p G (0, 00 ) and in [15] for to G N and p G (0, 1]. Let p G (0, 00 ), w G [0, 7 r/ 2 ) 
be the type of L, a G (0, 00 ), fi G (^(max{i, 1} — i), 00 ) and if G with p G (w, 7r/2), 

where 

*5° := {z G C\{0} : |arg 2 :| < p} 
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and 


:= < / is analytic on 5° : there exists a positive constant C such that 


1/(01 < Cmin{|e|“, ler^} for all / G 5°} . 


For all / G and (a:, t) G define the operator (5^,l(/) by 




Definition 2.14. Let p G (0, oo), L be as in (1.1) and satisfy the Ellipticity condition {Sq), 



The generalized square function Hardy space i(®.") is defined as the completion of the space 


:= {/ G L\W) : g^,i(/) G TP{Rl+^)} 


with respect to the quasi-norm WfWn^ ^-(R") := IIOV'T(/)IItp(r/+1 )- 

The following result establishes the generalized square function characterization of iJ£(R") for 
p G (0, oo). 

Proposition 2.15. Let p G (0, oo), L be as in (1.1) and satisfy the Ellipticity condition {£q), 



Then the Hardy space iJ£(R") = H^ ^(i^") with equivalent quasi-norms. 

Proof. IfpG (0, 1], Proposition 2.15 is just [15, Theorem 5.2], where/3 G (^(i — i), oo) is needed 
to guarantee 7J£(R”) C H^ ^(R"), via an application of the Calderon reproducing formula. 

If p G (1, oo) and m = 1, Proposition 2.15 is just [29, Corollary 4.17], where /3 G (f , oo) is 
used to guarantee iJ£(]R”) C H^ ^(R"), via an application of the Calderon reproducing formula. 
If p G (1, oo) and m G N fl [2, oo), an argument similar to that used in the proof of [29, Corollary 
4.17], together with an application of the Calderon reproducing formula, also gives us the desired 
conclusion of Proposition 2.15, where we need /3 G (^, oo) to guarantee 77£(R”) C H^ l(R”), 
the details being omitted, which completes the proof of Proposition 2.15. □ 

3 Proofs of Theorems 1.4, 1.5 and 1.8, and Proposition 1.6 

In this section, we give the proofs of Theorems 1.4, 1.5 and 1.8, and Proposition 1.6. To this end, 
we first establish the following parabolic Caccioppoli’s inequalities, resonating with [28, Lemma 
2.8] and, in a different way, with [5, Proposition 40]. 

Proposition 3.1. Let L be as in (1.1) and satisfy the Ellipticity condition (Sq), and let f G L^(R"), 
t G (0, oo) and u{x, f) := ^{f){x) for all x G R". For all e G (0, oo), there exist positive 

constants C'(j), depending on e, and C such that, for all xq G R", r G (0, oo) and to G (3r, oo), 
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< e 


|•to+2r ^ Q |•to+2r ^ 

/ / \\7"^u{x,t)\'^ dxdt -\—^ / / \u{x, t)\‘^ dx dt (3.1) 

JtQ — 2r JB{xQ,2r) ^ Jtn — 2r J B(xn.2r) 


and 


fto+r 

Itg — r J B{xo,r) 

where C'(e) and C are independent of f. 


to — 2r J B{xo,2r) 


r “J' ^ pto-\-2r p 

/ / \V^u(x,t)f dxdt< ^ / / |V^u(x, 1)1 da;dl, (3.2) 

Jtn-r JB(x„.r)' ^ ~ Jt„-2r JB(xn.2r)' ' 


„2{m-i) , . 

' Jto-2r JB(xo,2r) 


Proof. We first prove (3.2). To this end, we introduce two smooth cut-off functions. Let rj G 
C^{B{xo, 2r)) satisfy 0 < 77 < 1 , 77 = lon B{xo, r) and, for all fc G { 0 , ..., m}, 

llV'^nll < r~^ 

Let 7 G Cf°(to — 2r, to + 2r) satisfy 0 < 7 < 1, 7 = 1 on (Iq — r, Iq + ^) and 

1 


l|9*7ll, 


< 


By the properties of 77 and 7 , and the Ellipticity condition {£ 0 ), we first write 
rto+'T 


/•lO-l-T r 

/ / |V'"w(a;, 1)1^ dxdt 

Jto — r J B{xo,r) 

|•to+2r 


< 


< 


lto—2r 


\V^{ur]^){x, t)\ dx"f(t)dt 

|•to+2r 
Ito- 


/ f f A{x)V"^{ur]'^){x, t)V"^{ur]^){x, t) dxj{t) dt\ =: ^A, (3.3) 

Aq [Jto-2r JR" J Ao 


where 


A(x) := {aa,f}{x)}\o,\= 7 n=m for all x G M" (3.4) 

is a (properly arranged) coefficient matrix of L so that, for all f,gG W’"’^(R") and x G M", 
A(x)V™/(x)V'"5(x) := aa,i3{x)d^f{x)d°‘g{x). 

\a\=m=\P\ 

To bound A, let 

f |•to+2r r _ 'I 

S := 5fte < / / yl(x)V’"(u)(x, l)V™(it 772 ™)(x, 1) fix 7 (l) dl y 

VJta-2r UR" J 

We first bound B. For all (x, t) G let F(x, t) := e“^^(/)(x)e“^^(/)(x)[77(x)]^™. Using 

= —Le~*^ and 


Le-^'^(/)(x)e-^^(/)(x)[r7(x)]2- = e-^^(/)(x)Le-f^(/)(x)[r7(x)]2™, 

we know that 

d^Fix, t) = -Le-*^{f){x)e-^^{f){xMx)f^ - e-^^{f){x)Le-^^{f){xMx)f^ 
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-25fte |Le , 


which, together with integration by parts, and the definition of the cut-off function 7 , shows that 


B = ^5Re 


|•to+2r 


J to—2r 


Le {f){x)e * "'^[f){x)[r]{x)] dx\-i{t)dt 


1 f |^{to+2rf 

^el / 


2mAi (^J(t(,_2r)2 

^ Ato+2rf^ 


Le *^{f){x)e *^{f){x)[ri{x)] ™ da; 


^t2L^t2L 1 


dt 


4mA 


1 a(to-2r)2™ 
Ata+2r)‘^'^ /• 

1 J (tn-2rV^ J E 


dfi F(a;, t) dx I 7 'j i 2m 

\JB{xo,2r) ) ^ 


-1 


dt 


4mAi J (to- 2 r)^^ 

^ r{to+2r)^ 

4mAl J(to- 2 r)^^ 

^ Ato+2rf’^ 


' B{xo, 2r) 


F{x, t) dx 


^7 dt 


dt 


IB{xo, 2r) 


F(x, t) dx 




dt 


4mAi 


j- 

1 a(to-2r-)2'" J E 


' B{xo, 2r) 


F{x, t) dx 


^7 2m ^ t 2m dt. 


(3.5) 


This, combined with the change of variables, the size condition of 7 and to G (Sx, 00 ), implies that 


|e| < / 

J(i 


e ‘^(/)(x)e *^{f){x) [ 77 ( 2 ;)]^™ dx 


(to — I t/S(a;o,2r) 


< 


1 ) + -y (^t2m^ i2n 

1 /■‘ 0 + 2 ’' f 2 

3711 / / l^(a;, <)l dxdt, 

' Jtr\ — 2r J B{xr\,2r') 


dt 


which is desired. 

On the other hand, by the definition of B and Leibniz’s rule, we know that 


(3.6) 


B = 


( ptQ-\-2r r p _ 'j ' 

'Y2 / 1 / eia^ p{x)d^u{x, t)d°'{ur]‘^"^){x, t) dx> j{t) dt 

|a|=m=|/3r‘ 0 “^’’ ^ ‘ 


= sfe y; 


l•to+2r 


|a|=m=|/3| ■^to-2r 


+sd y; 


^to+ 2 r 


|a|=m=|/ 3 | ''*0-2r 


0 -a, p{x)d^u{x, 1 ) 77 "*9“(wry'")(x, t) dx > 7 (t)dt 


da, p{x)d^u{x, t) 


0<i<OL 


{x, t)dx ), 


(3.7) 


where d := ( 0 , ..., 0 ) € N" and, for each a and is a positive constant depending on a 

and and ^ < a means that each component of ^ is not larger than the corresponding component 
of a and |^| < |a|. 
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Before going further, we make the following observation. For all multi-indices 7 with 0 < I 7 I < 
m, by Leibniz’s rule, we see that there exists a smooth function rj^ on R" such that = 

7 y™-l 7 ljy^ and 


\\n 


< 


1 


7llL~(R-) - 1^1 


(3.8) 


Indeed, if 7 = (2, 0, ..., 0), then we have 
5 ^( 77 ™) = 


= V 


m-2 


m{m — 1 ) (dx^r])^ + mrid'^^ri 


=: 


where the fact that 77 -y satisfies (3.8) is an easy consequence of properties of 77 . The general cases 
follow from a similar calculation, the details being omitted. From this fact and Leibniz’s rule again, 
we deduce that, for each a and (3 as in (3.7), 

C(„,5)9«(7X77™)5“-«(77™) =C(„.5) ^ 

6<C<£. 

e<c<« 


e<C<i 

=:77™ ^ 

e<C<? 


(3.9) 


where ^ < a means that each component of ^ is not larger than the corresponding component of 
a and, by (3.8), we see that 


ll'7a, C II j 


< 


1 


lL“(R") ^ j,|a —^1 ■ 

Combining (3.7) and (3.9), we conclude that 

fto+2r 


(3.10) 


S = 5Re ^ 


I I |o|^to-2r IJR^ 


aa, 0 {x)d^u{x, t)rf^d°^{ur]^){x, t) dx > 7 (t) dt 


-l-5fte 

/ 

E 

pto+2r 

/ 

f aa,i3{x)d^u{x, t) 

E I'" 

E 'na,c9‘’U 

1 

’ l{t)dt 


^|a|—m- 

^\p\Jto-2r 

JR" 

e<^<a 

e<c<? 

y 

/ 


which further implies that 

^to-|-2r 


B =^e\ J2 

Ja|=m=|^| • 

E 


to—2r L 
l•to+2r 


aa,p{.x)d^{urf^){x, t)d°^{ur]"^){x, t) dx 


j{t) dt 


|a|=m=|^| -^*0-21- 


aa, 0 {x) ^ C(^p^^)d^u{x,t)d'^ ^{rDd°‘{uri^){x, t) dx 
s<i<t3 


X 7 (t) dt 

















18 


JuN Cao. Svitlana Mayboroda and Dachun Yang 


+5ie 

/ 

E 

pto+2r 

/ 

[ aa,i3{x)d^{urD{x, t) 

E 


(x, t) dx 

> -i{t) dt 


^|a|=77i— 

p^Jto-2r 


e<^<a 

e<C<? 




V|a|=m=|/3|-^*o-2- I « 


J2 J2 Vo.,c9'’u 

S<i<a0<C<^ 


s<i<P 
(x, t) dx > 7 (i) dt ). 


This, together with the definition of A, Holder’s inequality, (3.8), (3.10), (3.6), Holder’s inequality 
with e and the Ellipticity condition {So), implies that, for all e € (0, oo), there exists a positive 
constant C(e) such that 

f pto+2r r p 1 1 

A<B+\ / \V^{uTj"^){x,t)f dx jit)dt\ 

lJto-2r J J 

1/2 


m — 1 ^ 

j=0 Jto-2r 


/ / |V'^u(a:, t)\ dx 

Jto-2r LIk" 

1 pto+2r r p 

+ / |v^w(x, t)| dx 

^ Jto-2r UR" 


7 (t) dt 


l•to+2r - 


<B 


Jto — 2r 
m—1 


j=0 Jto-2r 


r'io+2T- 
'to — 2r 

|V'"(u? 7 ™)(a;, t)|^ dx 

^to+ 2 r 


7 (t) dt 

7 (t) dt 


'B(xo, 2r) 


V'^m(x, t)\ dx 


7 (t) dt 


< 


2 rto+2r 

^ ^2(m-j) 

j—Q Jto — 2r 


/S(a;o, 2r) 


|V'^u(x, t)| dx 


7 (t) dt + — 
Ao 


which, combined with (3.3), shows that (3.2) holds true. 

We now turn to the proof of (3.1). Recall that, from [1, Theorem 5.2(3)] with some slight 
modifications, we easily deduce that there exists a positive constant C'(„ ^)i depending only on n 
and TO, such that, for all balls B, f € W'^'^{B) and k G {0, ..., to}, 

||VV|L=(5) < C(n.m) \\V-f\\%^s) WfWl^T ’ (3.11) 

which, together with (3.2), the interpolation inequality and Young’s inequality with e, immediately 
implies that (3.1) holds true. This finishes the proof of Proposition 3.1. □ 

The following proposition improves Proposition 3.1 by removing all the terms with gradients 
on the right hand side of Caccioppoli’s inequality (3.2), which is motivated by a recent result of 
Barton [7]. 

Proposition 3.2. Let L be as in (1.1) and satisfy the Ellipticity condition {£o), and let f G L^(R"), 
t G (0, oo) and u(x, t) := e“* fox all x G R". Then there exists a positive constant C 

such that, for all xq G R", r G (0, oo) and to G (3r, oo), 

rio+r p ^ ptQ-\-2r p 

/ / |V'"m(x, t)/ dxdt < -^ / / |u(x, t)|^ dxdt. (3.12) 

Jtn — r J B(xn.r') ^ J tc\ — 2r J B\ 


>to — 2r JB{xQ,2r) 
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Proof. We prove this proposition by borrowing some ideas from the proof of [7, Theorem 3.10]. 
We first make the following claim that, to finish the proof of Proposition 3.2, we only need to show 
that, for all j G { 1 , ..., m} and 0 < C < ^ < 2 r, 


Po+C n 

Ito-C Jb(xoX) 
1-1 


t)\ dxdt 


1 


rto+« 


k=0 


(^_^)2(i k) JBixo.i) 


|V^m(x, t)| dxdt. 


Indeed, if (3.13) holds true for all j G {1, ..., m} and 0 < f f < oo, then let 

r = To < ri < r 2 <■■■< Tm = 2r 


(3.13) 


be an average decomposition of (r, 2 r) and 

r-to+s 


pto+s r 2 

^s,i ■= / |V^it(x, t)\ dxdt 

JtQ — s J B(aio, s) 


(3.14) 


with I G {0, • • • , m} and s G (0, oo). By repetitively using (3.13) with j G {m, ..., 1}, we know 
that 


rio-i-T f " t 1 

/ / jV’^uix, t)l^ dxdt = Arg,m < 

Jta—r JB(xa.r) j_Q 

m-1 j ^ 


1 1 1 
^ ^ ^ ^ j.2(rn—j) ^ ^ j.2{j — k)'^ 

3 = 1 fe =0 


T2 , k 


m—2 


E ^ ^2m"^2r,0, 


fc =0 


which immediately implies that Proposition 3.2 holds true. 

We now turn to the proof of (3.13). Observe that, if j = m, then (3.13) can be proved by 
using the same argument as the proof of the parabolic Caccioppoli’s inequality (3.2) with r and 
2r replaced, respectively, by C, and noticing that the assumption 0 < C < < 2 r, together with 

to G (3r, oo), implies that, for all t £ {to — f, to + f), j < T < 

Thus, by induction, to finish the proof of (3.13), it remains to show that, if (3.13) holds true 
for some j + 1, then (3.13) also holds true for j. 

Now, for all i G Z+, let {pi}i^z+ be a sequence of increasing numbers satisfying 


C = po < Pi < ■ ■ ■ < 

Si := pi+i — Pi and pi := pi where the exact value of pi will be determined later. Let 

Pi G Cf°{B{xo, Pi)) satisfy suppiy^i C B{xo, Pi), pi = I on B{xo, Pi), ||V(^i||i=o(Rn) < j- and 
II By properties of pi., the Fourier transform and Holder’s inequality, we know 

that, for all i G Z+, 


to+Pi r 

to —pi JB{xq, pi) 


V^u{x,t)\ dxdt 


pto+Pi P 

< ^ |V {pi\7^~^u) {x, t) 

dto—pi JB(xa,Pi) 


dx dt 
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< 


I 


pto+P 

I to — Pi J B(xo,pi) 
r rto+P 

\Jto-Pi J B{xQ,pi) 


^u{x, t)\ dxdt 


|V^ ^u) {x, t)\^ dxdt 


< 


L 


rto+Pi 

'to-pi J B{xo,pi) 

( rto+Pi 

\ dig — Pi J B(xo,Pi 


^u{x, t)\ dxdt 


IVJ+^wl + ^ Iv^l + 4 ) {x, t) 

' Oi' 'of ' 


dx dt 




1 


1 


-I 1/2 






<5?' 


where j+i, Ap^ j and Ap.^j_i are defined as in (3.14). 

From the assumption that (3.13) holds true for j + 1 and Holder’s inequality with e, we further 
deduce that, for any e € ( 0 , oo), there exists a positive constant C'(g) such that 


to+Pi r 
to—Pi JB{xo,pi) 


< 


[^Pi+i./-l] 


V^u{x^t)\ dxdt 


^ A I ^ A 1^4 

2^ ^2(j+l-k) ^Pi+lA + j2Api,j + j4^PiA-i 


. fc =0 


sr 


sr 


^ Sf ^2{j-k)^Pi+tA + eAp._^^^j. 


k—0 


By letting e small enough, we conclude that there exists a positive constant C such that, for all 
i € Z+, 


^Pt.i ~ 


rto+Pi r 
P to —Pi JBi 


1-1 


'to-Pi JB{xo,Pi) 

1 
2 


\V^u{x, t)\^ dxdt n(Lfc) ^Pi+i,fc + ^Api+i, 


M-k) 

k=0 


CBi+ij + r,^pi+i.ii 


(3.15) 


which immediately implies that 


Apo,j < CBi^j + 2^Pi.i — + - 


CB 2 , i + nA 


.1 ^ O^P2.J 


(3.16) 


2 = 0 


Moreover, for all i G Z+, take r € (2 1 )^ p- _ |^)(i _ y) i"* and hence 

Si = — C)(l — we then have 


2=0 


= E 2 - 

i=0 


1-1 


1 


Ai. 


g2{j-k) ^Pi+tA 


k=0 


00 ^ 

^ S S [(C-C)(l-r)r*]20 -'=)^^-+^' 
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i-i oo ^ ^ j-i ^ 

^ SS (e - ^ S (e - 

where the implicit positive constants depend on m and r, but are independent of j, ^ and C- 
Combining the estimates (3.16) and (3.17), and using the definition of Bi+ij in (3.15), we 
conclude that 

oo j-i ^ 

V'^u(a;, t)| dx dt = Ap^j <’^^2 

i=0 k=o 

which immediately implies that (3.13) holds true for j. Thus, by induction, (3.13) holds true for 
all j S {1, ..., m}, which completes the proof of Proposition 3.2. □ 

Now, for p G [0, p+{L)), we want to control the iJ£(R") quasi-norm by the L^(R"') quasi-norm 
of Sh,L in (1-18), via the parabolic Caccioppoli’s inequality (3.12). Before going further, we point 
out that, in the remainder of this section, including the proofs of Propositions 3.3 and 3.9, and 
Theorem 1.4, we borrow some ideas from the corresponding parts of [28], in which the authors 
considered the case when m = 1 and p = 1. 

We first need the following notation. For all A G (0, oo), fc G Z+ and / G T^(R"), let f.{f) 
and ^ f.{f) be the same, respectively, as in (1.17) and (1.18). For any 0 < e <C i? < oo and 
X G M", let F*^’'''(a:) be the truncated cone defined by setting 

r'^’^’^(a:) := {(y, t) G R” X (e, i?) : jcc - y| < At} . (3.18) 

We write S^j.{f){x) and S^ f^ f,{f){x), respectively, by S''£ f^{f){x) and 5'£(^;^(/)(a:) when the 
cone F^(a;), in (1.17) and (1.18), is replaced by r'^’^’'^(x). 

From [20, Proposition 4], it follows that, for all k G Z+, A G (0, oo), p G (0, oo) and / G L^(R"), 


'li, Z,,fc(/) £p(Rn) ^ 

||5'?l.L.fe(/)|lip(Rn) 

(3.19) 


^ |>5'L.fc(/) |ip(R7.) , 

(3.20) 


where the implicit positive constants are independent of /. 

For p G (0, oo), we can control the LJ’(R”) quasi-norm of Sl in (1.17) by that of Sh,L hr (1.18) 
as follows. 

Proposition 3.3. Let L be as in (1.1) and satisfy the Ellipticity condition (Lo); tetp G (0, oo). 
Then there exists a positive constant C such that, for all f G T^(R"), 

||5L(/)|lLP(Kn)<C||5^,L(/)|| 

In what follows, for all k G Z+ and suitable functions H on R"^^ and x G R", let 

(3.21) 

Observe that Aq{H) is just the .4-functional A{H) defined as in (2.3) with F replaced by H. 

To prove Proposition 3.3, we need the following technical lemma, which is due to Steve Hofmann 
(a personal communication with the second author). 


rto+C 

Ito-C . 


B(xo, C) 
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Lemma 3.4. Let F, G G If there exists a positive constant Cq such that, for all k G Z_|_ 

and almost every x G K”, 

Ak (F) {x) < Co [Ak+i (G) (x)] [Ak+i {F) (x)] (3.22) 

then, for all p G (0, oo), there exists a positive constant C\, independent of F and G, such that 


Proof. From [3, Theorem 1.1], it follows that there exists a positive constant C(^n,p) € [1, oo), 
depending on n and p, but being independent of F, such that, for all F G T^(R"^^), 

ll“4.fe(^)llLP(R") ^ G(„^p) ||ylfc_i(F")||^p^][j„^ < [G(„_p)] 11-4(1^). (3.23) 


Moreover, C(^n,p) > ^{n, 2 ) for all p G (0, oo). 

Let R G (2C(n^p), oo) and A*{F) := J2T=o ■^-4fc(F'). By (3.23), we know that 


M*(-^)IIl2(R'*) < ^ l|■4fc(^')|lL2(Rn) < ^2 


OO r 1 k 

Of 




/e =0 


d», 2 ) 

R 


L2(Rr.) — 2 ||.F||7’2(R" + 1) < OO, 


which immediately implies that At{F)(x) < oo almost everywhere in R". 

On the other hand, using (3.22) and Cauchy’s inequality, we find that, for all k G Z+ and almost 
every x £ R”, 


Ak{F){x) < ^C^RAk+i{G){x) + ^A-+i(F)(x), 

which, together with the definition of , shows that 

A(F’)(x) < ^A(G)(x) + iA(F)(x). 

This, combined with the fact A*{F){x) < oo almost everywhere in R", further implies that 

A4F){x) < C^R^A4G){x). 

Thus, by the fact that J2T=o W ~ definition of the M-functional in (2.3) and (3.23), we 

have 


II'^IItj>(r"+^) “ II- 4 (^")||_lp(r") — 


R-l 

R 


1 






< 


R 

R-l 


R 


— G2i?2 


E' 


R’^ 


AkiG) 


< 


k=0 

2{R-1)C^R^ 

R 


Ri^ 

k=0 

R-l . 
R I 


LP(R'*) 


< 


i?- 1 


LP(Rp) 


R 




k^O 


LP(R^) 




A;=0 


2(i?-l)G2i?2 

II-^I'-^IIIlp(rp) ~ II'-^IItp(r"+’-) ’ 


which completes the proof of Lemma 3.4. 


□ 


With the help of Lemma 3.4, we now prove Proposition 3.3. 
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Proof of Proposition 3.3. We begin the proof of this proposition by first introducing some smooth 
cut-off functions supported in truncated cones. For all 0 < e i? < oo, A G (0, oo) and x G K", 
let be the truncated cone defined as in (3.18). 

Let 77 G satisfy 77 = 1 on F'^’-^’ ^(x), 0 < 77 < 1 and, for all fc G N with k <m 

and ( 77 , t) G 3 / 2 ( 2 .)^ 

From the definition of L and Minkowski’s inequality, we deduce that, for all x G M", 


l(:l) 




dy dt 


< 


pe/2, 2R, 3/2^^-^ 


^if){y)t^^Le-*^-Hf)iy)viy. t) 


dy dt 


tn+l 


E [[ a^,p{y)t^d^(e-^^^^{f)){y) 


(t 2 -Le-*^"‘^(/)r 7 ) (y, t) ^ 


^E 

fc=0 


E // (e (y) 


|5|=fc, a<0!. 


dy dt 


tn+l 


=:Elfe- (3-24) 


k=0 


We first bound Iq. By Holder’s inequality, the size condition of 77 and the Ellipticity condition 
(£ 0 ), we see that, for all a; G K", 


In < 




re/ 2 , 2 R, 3 / 2 ( 3 .) 




if){y) 


dy dt 1 
t"+i J 


< 


-ttjl.lR.I.jl 

'’h.L 




S 


e/2. 2R, 3/2 


(/)(a^) 


(3.25) 


where ^^’^^^(/) and are defined, respectively, similar to Sh,Lif) in (1-18) and 

5l(/) in (1.17), with F(a:) replaced by r‘^/^’^^’^/^(x). 

To bound Im, similar to (3.25), for all x G R", we have 


Im. < 


re/ 2 , 2 B, 3 / 2 ( 3 ,) 


pe/2, 2R, 3/2(^j,J 


(e-‘^”‘^(/)) (y) 

( 


dy dt 

pi+T 




2m r -P^L 


if)) iy) 


dydt 


_1 

4 
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S 


njl, 2R, 3/2 
h,L 


if){x) 


^e/2,2/?,3/2 
^h,L, 1 




(3.26) 


To bound ^^^(/)(x), let Q{z, 2r) be the cube with center z and sidelength 2r in 

Write z := {z*, t) with z* G M” and t G (0, oo). Assume that {Q{zj, 2rj)}jgN is a covering of 
pe/ 2 . 2 fl. satisfying 

p./ 2 . 2 fl. 3 / 2 (^) c IJ Q{z„ 2r,) C IJ Q{z„ 4V^r,) C 

jgn ieN 

C^ 


d(^Z,, (r/4,3K.2(^)^ 


fjd{zj, {t = 0}), jGN 


and the collection {B{z*, ^/urj) x {tj — \/nrj, tj + y/rirj)}j^fi has a bounded overlap, where, for all 
j G N, Zj := (z*, tj). This kind of covering is based on Whitney’s decomposition; see [28, (5.26)] 
for a covering of similar nature consisting of balls. 

It is easy to see that 

pe/ 2 . 2 fl, 3 / 2 j-^^ C [J (5 {zj, 2rj) C [J i? (z*, \/nrj) x (tj - \tnrj, tj + \/nrj) 

jGN jGN 

C [J B (z*, 2-v/nrj) x {tj — 2y/nrj, tj + 2y/nrj') C [J Q (zj, d-v/nr^) 
jgn jefi 

From these and the parabolic Caccioppoli’s inequality (3.12), we deduce that, for all 0 < e <C i? < 
oo and x G R", 


s{!xr/\f){x) <y: 




ftj + y/nrj 


tj-Vnrj J B{z^,^/nrj) 


I rb+2V"’'j r 

^ ^2m I I 

^3 dtj-2^rj JB{z*2^rj) 


jGP 


< 


re/4, 3i?, 2 (2,) 


S' 


£/4, 3R, 2 


if)ix) 


^2mLe-t -^(f)(y) 
1 2 


t^”^Le-^^^\f){y) 

2 dydt 
t"+i 


dy dt 
t"+i 

2 dydt 
t"+i 


(3.27) 


which, together with letting e —>■ 0 and oo, (3.19) and (3.20), implies that, for all q G (0, oo) 
and / G L'^iR"), 


||5/..L.l(/)|lr,(M.)<||5L(/)||r,(M.). 
Moreover, by (3.26) and (3.27), we conclude that, for all x G R", 


(3.28) 


Im < 




e/2, 2R, 3/2 
h, L 


{f){x) 


S 


e/4, 3fl, 2 


if)ix) 


(3.29) 


We now turn to the estimates of Ifc for all fc G {1, ..., m — 1}. Again, by Holder’s inequality, 
the Ellipticity condition (£q) and the size condition of ij, we see that 


h < 


pe/2, 2R, 3/2^2;) 


(e--G/)) („)f y 
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re/2, 2 R , 3/2(3,) 


(‘V‘ '■(/)) (y) 


dy dt 


■'h, L 

To bound 11^, using again the interpolation inequality (3.11) and Holder’s inequality, we conclude 
that 

r2R 


life 


/ ( 


< 


< 


/e/2 

r2R 

/e/2 


^fcyfe / 


2 dt 

L^{B(x,{3/2)t)) 



2k jm 


V / 

h^(,B{x,{3/2)t)) 



2(m-fe)/m 

L‘^{B{x,(3/2)t)) 


{ p2R 


2 dt \ 

L^(B{x,(3/2)t)) j 

\ (m—fe)/m 

dt 


fe/r: 


L^{B{x,{3/2)t)) t"+l 


5 


e/2, 2fl:, 3/2 e„w , 

fe.L.i (/)(a^) 


2kjm ■ 


■^e/2,2fi, 3/2 


(/)(2;) 


- 2(m—fc)/m 


From (3.27), we deduce that 


life < 


5' 


e/4,3R,2 


if)ix) 


2klm ■ 


s 


e/2,2R, 3/2 




2{m—k)/m 


Thus, it holds true that 


Ife < 


5 


e/2,2R, 3/2 
h,L 




ye/4,3R,2 


if)ix) 


- kl{2m) ■ 


S' 


e/2, 2R, 3/2 




- {m—k)/{2m) 


(3.30) 


Combining the estimates of (3.24) through (3.30), / € L^(R") and letting e —>■ 0 and R —>• 00 , we 
conclude that, for almost every x G M”, 

SL{f){x) < [sl(l{f){x)Y [sT{f)(.x)Y + [sl(lif){x)Y [Sl{f){x)Y 


+ 


in — ± 1 ^ 




m — k 
2m 


which immediately shows that there exists a positive constant Cq such that, for almost every 
X G R", 


SL{f){x) < Co [SlL{f)ix)] " [Slif){x)] " . 


(3.31) 


Similarly, by following the same line of the proof of (3.31), we conclude that, for all k G and 
almost every x G R", 

Stif)ix) < Co [</\/)(x)] " [St\f)ix)^ 

which, combined with the definition of Ak in (3.21), implies that, for all / G L^(R”) and almost 
every x G R", 


Ak{F){x) < Co [A+i(G)(x)]^ [Ak+i{F){x)]^ 
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where F := ^{f) and G := Moreover, since / S 

that F, G € Thus, by Lemma 3.4, we conclude that, for all p G (0,oo) and / G 

L2(Mn), < ||G'||j,p(ign+i), which implies that, for all p G (0, oo) and / G L^(IR."), 

II>5'i/(/)||lp(R") ^ ll*5';t.L(/)||LP(R'*) and hence completes the proof of Proposition 3.3. □ 

We also need the boundedness of SL,k and Sh,L,k in L'^{MF) as follows, which, when fc = 1, 
was pointed out in [2, p. 68] without any details. 

Lemma 3.5. Let L be as in (1.1) and satisfy the Ellipticity condition (So)- Let SL,k and Sh,L,k 
be the same, respectively, as in (1.17) and (1.18). Then 

(i) for all k G N and q G {p-{L), p^{L)), there exists a positive constant C such that, for all 
f G L'^{R^)nL‘i{W^), 


||5L,fc(/)IU,(r) <q|/||L,(Rp); 

(ii) for all k G and q G {q-{L), q^{L)), there exists a positive constant C such that, for all 
f G L'^{R^)nL‘i{W^), 


||5/..L,fc(/)IL,(K„)<q|/||L.(MP). 

Proof. Observe that, by Proposition 2.5(iii), we know that L satisfies all the assumptions of [10, 
Theorem 2.13] and, as a consequence, we obtain (i) of Lemma 3.5. 

The proof of (ii) of this lemma is similar to that of (i). We only need to replace the m-LP- 
L^ off-diagonal estimates from Proposition 2.5(iii), in the proof of [10, Theorem 2.13], by the 
corresponding m-LP-L‘> off-diagonal estimates of the gradient semigroups from Proposition 2.5(iv), 
the details being omitted. This finishes the proof of Lemma 3.5. □ 

The next proposition presents an equivalence between the iL£(R”) norm, defined via the square 
function Sl, and the L^’(R") norm when p G (p+(L), p+{L)). Recall that this conclusion was 
pointed out in [2, p. 68] without giving any details. 

Proposition 3.6. Let L be as in (1.1) and satisfy the Ellipticity condition {Sq), and let p G 
(p-{L), p+{L)), with P-{L) and p+{L) as in Proposition 2.5, and Sl be as in (1-17) with k = 1 
and A = 1. Then there exists a positive constant G such that, for all f G L^(R") fl LP(R"), 

^ II/IIlp(R") — ll*^i(/)llLP(R") — C'l|/l|j^p(Rn) . (3.32) 

Proof. It is easy to see that the second inequality of (3.32) is a direct consequence of Lemma 3.5(i) 
in the case when k = 1. 

We now prove the first inequality of (3.32). Let / G L^(K"’)nLP(R"). For all pG {p-(L), p+{L)) 
and g G L^(IR") nL^’'(IR") satisfying l[5l|j;,p'(Rn) < 1 with ^ ^ = 1, by the Calderon reproducing 

formula (2.4) with M = 0, duality, Fubini’s theorem. Holder’s inequality and Lemma 3.5(i), we 
know that 


{fl ff)L2(Rn) 


( r ^ A 

\do * / L2(R'*) 

II^l(/)|| LP(R") 11‘5'l* (5)IIlp'(rp) ^ ll'5'i(/)llLP(R") 


(3.33) 
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and hence 


II/IIlp(r") ^ II‘S'l(/)IIlp(r")- 

This finishes the proof of the first inequality of (3.32) and hence Proposition 3.6. □ 

Remark 3.7. For all p € (0, oo), let ]HI^(R") be the space defined as in Definition 1.1. From 
Proposition 3.6 and the definition of it follows that, for all p G (p-(L), p+(L)), 

HP(R") =L2(K")nLP(R"). 

With the help of Propositions 3.3 and 3.6, we obtain the following corollary. 

Corollary 3.8. Let L be as in (1.1) and satisfy the Ellipticity condition {Sq). Then, for all 
p G (0, p+{L)), there exists a positive constant depending on p, sueh that, for all f G T^(R"), 

ll/llff]’(R") — ^(p) ll‘^?i,i(/)llLP(R") • (3.34) 

Proof, li p G (0, 2], Corollary 3.8 is an immediately consequence of Proposition 3.3 and Definition 

1 . 1 . 

If p G (2, p+(L)), Corollary 3.8 follows from Lemma 2.12 and Propositions 3.3 and 3.6. This 
finishes the proof of Corollary 3.8. □ 

The next proposition shows that the LP(R") quasi-norm of Sh,L, as in (1.18) with A = 1, can 
be controlled by that of the non-tangential maximal function ^ as in (1.7). 

Proposition 3.9. Let L be as in (1.1) and satisfy the Strong ellipticity condition {£i), and let 
p G (0, 2). Then there exist positive constants 7 and C such that, for all f G T^(R"'), 


\\SH,L{f)\\ 


LP( 




KlU) 


LP( 


Proof To prove Proposition 3.9, we first introduce some notation. Let a G (0, 00 ). Assume that 
7 G (0, 00 ), whose exact value will be determined later. Let 

F;:={xGR'^: Ar^^_J/)(x)<a}. 

Its subset E* of global 1/2 density is defined by 

A* := lx G R” : for all balls B(x, r) in R", > il 

I 1^(2^,’’)! 2J 

For all 0 < e <C i? < 00 , let {E*) := Ua;g£;*r‘^’^’'''(x) be the sawtooth region based on 

E* and (E*) the boundary of {E*). Moreover, for all y G R” and t G (0, 00 ), let 

u(y, t) := e~* ^{f){y)- By Fubini’s theorem, we find that 



' ne.R, 1/2 

^h, L 


2 


U)(.x) 


dx 


TJe, B, 1/2(£;.) 


e^\y^u{y, t)i 


dy dt 


where S'f^’^^^{f){x) is defined as in (3.26). 

Now, let 77 G be a smooth cut-off function satisfying 0 < 77 < 1 , 77 =lon 

all fc G N with fc < m and (x, f) G 2 R. 3 / 2 ('^*)^ 


t)\ 


< 


1 
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and \dtri{x, t)\ < j. These assumptions, together with the Strong ellipticity condition (Si), imply 
that 


Tie, R, 1 / 2 (£;.) 




dy dt 


•R'.-R. 1/2(_E*) 


aa,p{y)d^u{y,t)d°‘u{y,t) 

\a\=m=\P\ 


<5Re 


Y aa,i3{y)d^u{y,t)d°‘u{y,t)ri{y,t) 

\a\=m=\P\ 


dy dt 
t 

dy dt 

~~r 


From this, we further deduce that 




t^"^\niy, tf 


dy dt 


< 


sRe 


t^m Y {-ird<^{ya^^pdPu){y,t)u{y,t) 

\a\=m=\P\ 


dy dt 


< 


E 

/c =0 




x9“ {aa,fid^u) {y, t)u{y, t) 


^2m Y Y C^c.,s){-ird^v{y,t) 

|Q;|=m=|/3| |a|=fe,5<a 
dy dt I 


* I 


—■ Y, 


(3.35) 


fc =0 


where, for any multi-indices a and a as above, C(^a,s) denotes a positive constant depending on a 
and 5. 

We first bound Jq. Since, for all (y, t) S §^u{y, t) = —2mt^'^~^L(u)(jj, t), we know that 

m 


uiy^'t)\ =-‘2-mt'^ L{u){y,t)u{y,t)-2mt^ u{y, t)L{u){y, t) 


=—Amt^'^ ^5ie |l('u)(j/, t)u(y, t)|, 

which, together with integration by parts and properties of the cut-off function 77 , shows that 


^e\ j[ ^y{y, t)L(u){y, t)u{y, t)dydt 

JR"+^ 


dy dt 


Wiy, t)\ 

7J€/2,2il, 3/2(£;.)y7^e,il, I 


To estimate the last term in the above formulae, we let 


B^{E*) := <{ (x, t) G R" X (e/2, e) : d{x, E*) < -t 


(3.36) 


B^(E*) := / (x, t) G R” X (i?, 2R) : d{x, E*) < -t 


(3.37) 
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and 


Bo{E*) := <j {x, (e/2, 2R) : it < d{x, E*) <h\ . 


(3.38) 


It is easyjo see that C {B^{E*)\JB^{E*)\JBo{E*)). For any 

( 2 /, t) G B‘^{E*), we find that there exists x £ E* such that \x — y\ < |t. Moreover, from the 
definition of E*, it follows that, for all t £ (0, 00 ), 

\EnB{x, t)\ > i|B(x, t)\ = iw„r, 

where := \B{x, 1)| = |i3(0, 1)|. Thus, \E fl B{y, 3<)| > which, combined with Fubini’s 

theorem, implies that 


B-iE-) 


i-{y, or 


dy dt 


< 


< 


< 


B‘(E*) 




EnB(y,3t) 


\u{y, OO dz 


dy dt 
t’^+i 


L 


/2 JE 


/2 JE 


B(z,3t) 




(/)(y) 


dy 


dz dt 


sup 


(x,t)er3(^) 1 w„(3t)" JB(x,3t) 




if)iy) 


dy 


dz dt 


c/2 Je 


Kl(/)W| 


dzdt 


WklU){z)'\ dz. 


Similarly, we have 


[L |w(y: 01^ / \J^h,Lif)iz)\^ dz. 

JJb^{e*) c Je 


(3.39) 


(3.40) 


To estimate the integrand on the region Bo{E*), let {B{xk, rk)}k be Whitney’s covering of B*, 
where B* := (E*)^. Then we see that 

(i) UfeB(xfc, Tfc) = B*; 

(ii) there exist positive constants Ci and C 2 £ (0, 1) such that, for all k, 

Cid{xk, E*) <rk < C 2 d{xk, E*); 


(hi) there exists a positive constant C 3 such that, for all x £ B*, '^kXB{xk,rk)i^) ^ C's- 
From these, we deduce that 


Bo{E-) 


i(y> 01 


2 dydt 


< 


E 


^2Tfc(^ + l) 


/ K,,,)/ 

k JB{xk,rk) t 


< 


E 




§Tfc(^-i) 


k 3 ' C 2 


' B{xk,rk) 


|u(y, t)| dy 


dt 

t 
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By the fact E* C E, we know that d{xk, E) < d{xk, E*) < Thus, by taking 7 G 

( (i-C 2 )Ci ’ 00)1 ■'^6 conclude that 


[f 

JJbo(e*) * 


supA/'^,l(/)( 2 ) 

z^E 


< \B* 


JBoiE^) - fc 

Combining the estimates of (3.39), (3.40) and (3.41), we see that 


supAr^,L(/)(^:) 

z^E 


Jo< / dz+\B* 

J E 


supAr^,L(/)(^) 

_z^E 


(3.41) 


(3.42) 


Now, we turn to the estimates of Jfe for all k G {1,..., m}. Using integration by parts and 
Holder’s inequality, we write 


^4- \cK\—m—\^\ \a.\=k,a<a 

X ac,p{y)ddu{y, iid^v)u) iv, t) , 


^ E T Iff \t^dPu{y,t)f ^ 

|a|=^=|/3||3|=fe,3<« t 


2 R, 3/2(£;.)\7Je. R, 1 / 2 (£;.) 

— ■ ^ ^ ^ ^ Jet,5,^,1 ^ Jet,a,/3,2; 

|ct|=m=|, 5 | |ct|=fc,S<et 


^m-kQcz-cz 


dy dt 


(3.43) 


where, for any m G N and any multi-indices a and 5 as above, C(^ci, a, m) denotes a constant 
depending on a, 5 and m. 

We first control Ja, 5 ,,a,i- Let B'^{E*), B^{E*) and Bq{E*) be, respectively, as in (3.36), (3.37) 
and (3.38). Similar to (3.39), we obtain 


[ f \t^niy, t)f ^< [ \r 1 [ rniy, t)\ 

J JB‘(E*) * Je Je/2 * JB{z,3t) 


dy dt 


dz. (3.44) 


This, together with the parabolic Caccioppoli’s inequality (3.12), implies that 






2 € 


E Je/A 


^n+ 2 m 


L 


< 


B{z, 6t) 
2 


|t”"u(y, t)y 


dy dt dz 
t 


(/)(?/)] dy. 


(3.45) 


Similarly, resting on estimates (3.40), (3.41), (3.45) and the parabolic Caccioppoli’s inequality 
(3.12), we conclude that there exists a positive constant 7 G (0, 00 ) large enough such that 


2 dydt 


\t^niy,t)\ 

BR{E-)UBo{E-) t 


< 


KLifKy) dy + \B* 


SUpA/))'r(/)(x) 


x£E 
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This, combined with (3.45), implies that 


J 


a, a, /3, 


< 


1 / 

'Kdmy) 

' dy + \B*\ 

s^pdd'l^{f){x) 

[Je 



x£E 


1 

2 


(3.46) 


The estimate of Ja, s, p, 2 can be obtained by using the definition of r;, the interpolation inequality 
(3.11) and the estimates of Jq and Ja,5,,s,i- By the estimate of Ja.a?,/3,2; (3.35) and the estimates 
of (3.42) through (3.46), we see that 




t)r 


dydt ^ f 

t ^ Je 




dy + \B* 


2 


supAr^,L(/)(a;) 

x^E 


where 7 € (0, 00 ) is a sufficiently large constant. By this and an argument similar to that used in 
[28, (6.31) through (6.37)], we then complete the proof of Proposition 3.9. □ 


We are now in a position to prove our main result of this article. 

Proof of Theorem I. 4 . The inclusion that 77^^ j;,(l^") C for all p G (0, 2), is a direct 

consequence of Propositions 3.3 and 3.9, and (Corollary 3.8. We now turn to the proof of the 
inclusion ^(R") C i7£(R") for all p £ [2, p+(L)). Using Lemma 2.12, we are reduced to 
proving that, for all p G [2, p+(L)) and / G ]HI^(]R"'), 

II/IIlp(R") ^ l|A/)i,L(/)||LP(Rn). (3.47) 

To show (3.47), for p G [2, p_|_(L)), let if G (R”) satisfying that ||V’IIlp'(K") — ^ 





f[y)f^{y)dy , 


here and hereafter, 1/p + 1/p' = 1. We first claim that 


(3.48) 


f{y)f^{y) dy 


= lim 
t->o+ 




(/)(?/) 




ip{x)da 


dy 


(3.49) 


here and hereafter, “t —>■ O’*'” means that “t > 0 and t —>■ 0”. Indeed, if the claim (3.49) holds true, 
then, from Fubini’s theorem, Holder’s inequality and Remark 1.3(ii), we deduce that 


f{y)il}{y) dy 


< sup ■ 

t>0 


\'lp{x)\ 






(/)(y) 


dy 


dx 


< 


LP'(Rri) sup ■ 
t >0 




"^^imyrdy 


B{x, t) 


dx 


< 


sup 
1 " \ t>o 


' B{x,t) 


e-‘ ^(/)(y)|^dy 


i\ p 


dx 


II'^/i,l(/)I|lp(R") ~ l|A/h,L(/)||LP(R"), 


which, together with (3.48), implies that, for all p G [2, p+(L)), (3.47) holds true. 
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Thus, to finish the proof of (3.47), it remains to show the claim (3.49). By Holder’s inequality 
and an elementary calculation, we see that 


[ fiy)^{y)dy- [ e *^"'^{f){y) ^ f ■il){x)dx 


dy 


< 


— e 


-t^^L 


V’(y) dy 


+ 


[ e *"“'^(/)(y) I V’(2/) - ^ / ilj{x)dx\ dy 

dR" ( C dB{y,t) J 


< 


/R" 


(e-* -^-I){f)(y) 


dy 


+ 

=: At +Bt. 




(/)(y) 


P 1 P 


dy 


I \i^{y)f dy 

t JB{y,t) 


dy 


Notice that, by the fact that limt_>o+ 6“*’” = 1 for all complex numbers z and the fact that L 
has a bounded functional calculus in L'J(R") with q G {p-{L), p+(L)) (which is a simple corollary 
of Proposition 2.5(iii) and [8, Theorem 1.2]), we know that {e“*^}t>o has the strong continuity 
in L^(IR”) for all q G (p-(L), p+(L)). Letting t —>■ 0+, and using the strong continuity of the 
semigroup {e“‘^}t>o in L^’(R”) for p G [2, p+(L)) and IIV’llLp'(Rn) < 1; we know that 

lim At = 0. 

*->■0+ 


In what follows, for any locally integrable function /, let M{f) be the Hardy-Littlewood maximal 
function defined by setting, for all a; € K”, 

Mif){x) := sup [ \f{x)\ dx, 

B^x \-D\ Jb 

where the supremum is taken over all the balls in R” containing x. Observe that, for all y G R”, 


I JBiy.t) 


< 2Mmy) 


and A4{ip) G (R"). From this, the Lebesgue dominated convergence theorem and the Lebesgue 
differentiation theorem, together with the uniformly boundedness of the semigroup {e“*'^}t>o in 
LP(R”) for p G [2, p+(L)), we deduce that 


lim Bt = 0, 
t^o+ 

which completes the proof of the claim (3.49). Thus, j^(®") C iL]](R”) for all p G (0, p+(L)). 

To prove the inclusion 7J£(R") C ^(R"), we consider two cases. If p G (0, I], by Theorem 
2.11 and Remark 1.3, we see that it suffices to show that, for all (p, 2, M, e)i,-molecules a. 


\\T^h,L{a)\\LP{R’^) ^ 1 
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where TZh,L is the radial heat maximal function defined as in (1.6). The latter estimate can be 
obtained by using the same method as that used in the proof of [28, Theorem 6.3], the details 
being omitted here. This finishes the proof of Theorem 1.4 for p € (0, 1]. 

If p € (1, p+(L)), let TZh.L be the radial maximal function defined as in (1.6) and, for any ball 
B and j G N, let Sj{B) := 2^B \ {2^~^B) and So{B) := B. Then, for any q G (2, oo), using 
Minkowski’s inequality, Proposition 2.5 and the boundedness of A4 on L^/^(]R"), we know that 
there exists a positive constant p such that 


||’^?i,l(/)|| L'i(R’- 


iez+ 


”■> If/ 

tG(0,oo) I ^ 

1 


-t^^L 


\ 

2 

1 

2 

{y) 

dy 


/ 




sup 

iG(0,oo) 


— exp 
1 2 




sup 

iG(0,cso) 


-f^2mj (2m—1) 

|/(a:)|^ dx 


L9(R'*) 

l/llL2(Si(B(..t))) 


L9(R") 


< 


[M{\fn] 


2m1/2 


< 


L9(R") 


iL<!(Rn) 


which implies that TZh,L is bounded on L'J(K"). This, together with Remark 1.3, further shows 
that the non-tangential maximal function Afh,L is also bounded on L'?(R") for all q G (2, oo). By 
the case p G (0, 1], Lemma 2.12 and the complex interpolation of iL£(]R") (see Proposition 2.8 
together with [30, p. 52, Theorem]), we see that, for all p G (0, p+{L)), Nh,L is bounded from 
Lr£(IR") to LP(R”). This implies the inclusion Hl{W^) C ^(K”) for all p G (0, p+(T)) and 
hence finishes the proof of Theorem 1.4. □ 


With the help of Theorem 1.4, we are able to prove Theorem 1.5. 


Proof of Theorem 1.5. We first point out that, similar to Remark 1.3, we have 

ijP (R^) = (R’") 

Mh,L^ ' Tlh.L^ ’ 

with equivalent quasi-norms. Moreover, by (1.6), (1.7), (1.14) and (1.15), we immediately see that, 
for all / G L2(R") and x G K”, 


J^h,L{x) < Afh,L{f){x), 

which, together with Theorem 1.4, implies the inclusion that (R") C i7£(R”). The proof 

of the inclusion that i7£(R”) C i7~ (R") is similar to the corresponding part of the proof of 

L 

Theorem 1.4. Here, we only need to use the off-diagonal estimates of the gradient semigroup 
} 4 >o to replace the off-diagonal estimates of the semigroup {e * ^}t>o therein, 

which completes the proof of Theorem 1.5. □ 


Now we turn to the proof of Proposition 1.6. 



























34 


JuN Cao. Svitlana Mayboroda and Dachun Yang 


Proof of Proposition 1.6. For any (x, t) G following [1, pp. 59-60, 3.2(c)], let VFj"’ 2t)) 

be the Sobolev space over B{x, 2t), defined as the completion of 2t)) with respect to the 

norm || • \\w’--^{Bix, 2 t)), where, for all ip G Cf°{B{x, 2t)), 


\\p\\w^’^{B{x,2t)) — 


\\^^P\\'L'^(B{x.2t)) 

0<|a|<m 


1/2 


Since / G it follows that e G VF'"’^(R"). Thus, we have 

G 2t)) C 2t)). 

Recall the following Poincare’s inequality from [35, p. 69, Theorem 3.2.1]: for all k G {0, ..., m— 
1} and V G W^~^'‘^{B{x, 2t)), it holds true that, for all {x, t) G 

[ lv'=u( 2 /)l 2 dy < dy. 

JB{x,2t) JB{x,2t) 

Thus, by this and properties of tf, we see that, for all (x, t) G 

„ 1/2 




-t^^L 




dz 




< 


F 


‘ 2i) 


'B{x, 2t) 




dz 


m 


m—l 


,te 




1/2 


(^) 


1/2 


dz 


which, combined with (3.50), further shows that, for all x G R", 


(3.50) 


(3.51) 


As for the converse direction, by Leibniz’s rule and properties of ip, for all (x, t) G R"’*’^, we 
have 


< 


which implies that, for all x G 


{^t,;|i(-,‘(e--,/,)wr./ 


1/2 


^h,i,,L{f){x) < A//i(/)(x). 


(3.52) 


Combining (3.51), (3.52), Theorems 1.4 and 1.5, we conclude that 7J£(R”) = Pt^^ ^ 
equivalent quasi-norms, which completes the proof of Proposition 1.6. □ 


Now, we prove Theorem 1.8. To this end, we need the following proposition. 
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Proposition 3.10. Let k L he as in (1.1) and satisfy the Ellipticity condition {£q). Let SL,k 
and Sh,L.k he the same, respectively, as in (1-17) and (1.18). Then, for all q € (0, p+(L)), there 
exists a positive constant C(^k,q) such that 

(i) for all f G L^{W^), 

ll5'L,fc(/)||^,(g„) < C(^k,q)\\SL,l{f)\\LiiR^y, 

(ii) for all / G 


||<S'h,L,fe(/)||j;,,(R„) < C'(fc,q)||S'L,l(/)||L<z(Rn). 


Proof. We prove Proposition 3.10 by mathematical induction. 

If fc = 1, Proposition 3.10(i) automatically holds true. To prove Proposition 3.10(ii), by (3.27), 
we know that, for all / G L^(]R") and x G K", 


n^/2,2R,3/2 
^h,L, 1 


2 




< 


s 


e/4,3R,2 

L, 1 


2 


if)ix) 


(3.53) 


By this, together with letting e —>■ 0 and i? —>■ oo, (3.19) and (3.20), we further conclude that, for 
all q G (0, oo) and / G L^(]R"'), 


ll5^.L.i(/)IL,(R„)<ll5i,i(/)||^,(«„), (3.54) 

which implies that Proposition 3.10(ii) holds true in this case. 

If fc = 2, we prove (i) by first establishing a desired estimate for ||<S'l, 2 (/)||l‘!(R") with q G (0, oo) 
(see (3.61) below). To this end, for all 0 < e <C i? < oo, A G (0, oo) and x G K", let r'^’^’'^(x) 
be the truncated cone as in (3.18). Also, let rj G ^/^(x)) satisfy ry = 1 on r'^’'^’^(x), 

0 < ?7 < 1 and, for alH G N with I < m and {y, t) G ^/^(x), 

|v'?7(y, t)\ < i. 

From properties of q, the definition of L, Leibniz’s rule and Minkowski’s inequality, we deduce 
that, for all / G L^(R") and x G R", 


Sif\f){x) = 


r'.«. i(a:) 


(t^-L)%-‘^"‘^(/)(y) 


dy dt 


< 


‘""‘■^(/)(2/)(t2'"T)^e-*"™^(/)(2/)77(2/, t) 


rt/2, 2R, 3/2(2,) 


dy dt 


V 

I ^ J Jr^/2,2R,3/2r^\ 


.,p{y)t^d^ [e^Le-^^^\f)) (y) 


^(t^™T)^ e“‘^'"^(/)?7^ (y, t) 


dydt 




V 

I I |„|ddrC 2 , 2 H, 3 / 2 ( 2 ,) 

\a\—m—\p\ '' '' 




t^ruLe-* 


(/)) (y) 
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t™ ^ C(^a,s)d°‘t) 

|5|=/, a<0!. 


dydt 


i"+i 




(3.55) 


l=Q 


where, for all multi-indices a and 5, C(^a, s) denotes a positive constant depending on a and a. 

For Iq, by Holder’s inequality, the size condition of rj and the Ellipticity condition (So), we see 
that, for all 0 < e <C i? < oo and x G R", 


In < 


re/2, 2R, 3/2(3.) 




(y) 


dy dt 
t"+i 


re/ 2 , 2 R, 3/2(3.) 




dydt 1 
t"+i J 


-^el2,2R,3/2 




-re/2,2H,3/2 
^L,2 


{f){x) 


(3.56) 


where Y*’^'^^(/) and are defined, respectively, similar to Sh,L,i{f) in (1.18) 

and 5 'l, 2(/) in (1.17), with r(a;) in (1.3) replaced by ^/^(x) in (3.18). 

For Im, using an argument similar to that used in the proof of (3.29), we conclude that, for all 
0 < e <C i? < 00 and x G K", 


5 , 


~,e/2,2R, 3/2 
’/i, L. 1 




-,e/2,2fl:, 3/2 

\,L,2 


if){x) 


(3.57) 


Moreover, by an argument similar to that used in the proof of (3.27) (see also (3.53)), we find 
that, for all 0 < e <C i? < 00 and x G M", 


-,e/2,2R, 3/2 
■’h,L,2 




< 


-,e/4,3R,2 

H,2 




(3.58) 


Also, similar to (3.30), we know that, for alH G {1, ..., m — 1}, 0 < e <C i? < 00 and x G 


b < 


< 


^./2^.2H.3/2(^)(^) 


re/ 2 , 2 R, 3/2(3,) 




S' 


e/2,2R,3/2 
h,L,l 




-re/2, 2i?,3/2 
^h,L,2 


(/)(a;) 


t'v 

- //{2m) - 


dydt [ 

I 


^e/2,2R,3/2 




- (m—/)/(2m) 


(3.59) 


By combining (3.55) through (3.59) and then letting e —>• 0 and i? —>■ 00 , we conclude that, 
there exists a positive constant C such that, for all / G L^(M"') and almost every x G R", 


Sl,2(/)(x) < C [S/r.i(/)(^)] " [^i,2(/)(^)] ^ • 


(3.60) 


Similarly, by following the same line of the proof of (3.60), we conclude that, for all k G Z+, 
/ G L^(]R"') and almost every x G R”, 


slM)i^)<c s/I ,(/)(x) si,; (/)(x) 
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which, combined with the definition of Ak in (3.21), implies that, for all / S L^(R") and almost 
every x S M", 

Ak{F){x) <C[Ak+i{G){x)]i [Ak+i{F){x)]^ , 

where F := Lf ^[f) and G := Moreover, since / € 

know that F and G € Thus, by Lemma 3.4, we conclude that, for all q € (0, oo) and 

/ G L^(IR"), Ill’llllG'llr<i(R’‘+i): which implies that, for all q G (0,oo) and / G L^(IR"), 


\\SLMf)\\LHM^)<\\Sh,LAf)\\LH 


(3.61) 


This, combined with (3.54), shows that Proposition 3.10(i) holds true for k = 2. 

Moreover, Proposition 3.10(ii) when k = 2 follows from (3.58), (3.19), (3.20) and Proposition 
3.10(i) when k = 2 . 

Now, let fc G N n [3, oo). Assume that Proposition 3.10 holds true for all fc G {1, ..., k}. 
Thus, by mathematical induction, to finish the proof of Proposition 3.10, it suffices to show that 
Proposition 3.10 also holds true for k + 1. 

Similar to (3.55), for all 0 < e <C i? < oo, / G L^(R") and x G R", we have 


S^A’Af){x) = 

L,k+A-' ' 


< 


r., H, i(x) 




dy dt 


pe/2, 2R, 3 / 2 ^ 2 ,^ 




dy dt 
t"+i 


V 

, A -^ d v/r'/2, 2H, 3/2|'.r'l 

|a|=m=|/3| 


^{f)T]j {y, t) 


aa,/ 3 {y)F^d^ ( e *'”'^(/) ) (y) 


dy dt 


tn+l 


/=0 


V 

, , J Jre/2, 2R, 3/2/^'j 

|a|=m=|/3| ^ 


ao.,p{y)t^d^ ( ] (y) 


E ((t2-L)^+i e-‘^'"^(/)) {y)d‘^-A{y, t) 

|a|=Z, 5 <q; 


dy dt 


t"+i 


=: ^b. 


(3.62) 


1=0 


For Ig, by Holder’s inequality, the size condition of ry and the Ellipticity condition (fg), we see 
that, for all 0 < e <C i? < oo, / G L^(R”) and x G R", 


In < 


pe/2, 2R, 3 / 2 ( 3 .) 


re/2, 2H, 3/2(3.) 


t-V-(^[f2’-L]%-‘^"*^(/) ) (y) 

(A^l) 


^ dydt^' 

J 


^2"“(/)(?/) 


^ dydt\‘ 

J 
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(3.63) 


where defined, respectively, similar to ^ ^(/) in (1.18) 

and fc+i(/) in (1-17), with r(a:) in (1.3) replaced by ^/^(x) in (3.18). 

For Imi using an argument similar to that used in the proof of (3.57), we conclude that, for all 
0<e<Ci?<oo, / G L^(]R”) and x G M", 


Im. < 


^e/2,2R,3l2 

'’h,L,k 


U){x) 


;<i£3/^(/)(,)- 


(3.64) 


By an argument similar to that of (3.53), we know that, for all 0 < e <C i? < oo, / G i^(R”) and 
X G M”, 


gt/2,2R, 3/2/ /N 
^h,L,k+l i''/ 


< 




By this, together with letting e —>• 0 and i? —>■ oo, (3.19) and (3.20), we further conclude that, for 
all q G (0, oo) and / G L^(IR"), 


L, fe+1 


(/) 


< 


L9(R") 






(3.65) 


Also, similar to (3.59), we know that, for all I G {1, ...,m — 1}, 0<e<Ci?< oo, / G L^(M") 
and X G R", 


h < 


i/2,2R,3/2 

''h,L,k 


S' 






- //(2m) - 


,€/2,2i?, 3/2 


L, A;+l 


if)ix) 


(m—/) / (2m) 


(3.66) 


Thus, combining (3.62) through (3.66), and then letting e —>■ 0 and R —>• oo, we conclude that, 
there exists a positive constant C such that, for all / G L^(R") and almost every x G M", 


S^~,{f){x)<C 


h,L,k-l 


(/)(^) si ~{f)ix) 


(3.67) 


Similarly, by following the same line of the proof of (3.67), we conclude that, for all I G Z+, 
/ G L^(M”) and almost every x G R", 


Sljif)ix) < C 




This, together with Lemma 3.4 and the assumption that Proposition 3.W holds true for all k G 
{1, ..., A:}, implies that Proposition 3.10(i) also holds true in the case fc + 1, the details being 
omitted. 

Finally, we see that Proposition 3.10(ii) in the case fc + 1 follows from (3.65) and Proposition 
3.10(i) in the case fc + 1, which completes the proof of Proposition 3.10. □ 


From the proof of Proposition 3.10, we immediately deduce the following conclusions. 

Corollary 3.11. Let fc G N, L &e as in (1.1) and satisfy the Ellipticity condition (fp). Let SL,k 
and Sh,L,k be the same, respectively, as in (1.17) and (1.18). Then, for all p G (0, p+(i)), there 
exists a positive constant C(^p^k)> depending on p and k, such that, for all f G L^(R"), 

1 

^{p, k) 


\\Sh,L,k{f)\\i^p(g^n^ < fe(/)||j^p(][{n) < ^{p,k) ||5'/t,L,fc_l(/)||^p^][j„^ . 


(3.68) 
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Proof. The first inequality of (3.68) follows immediately from (3.65) with k + 1 replaced by k in the 
proof of Proposition 3.10, while the second inequality of (3.68) is proved in the proof of Proposition 
3.10, which completes the proof of Corollary 3.11. □ 

Combining Corollary 3.11 and Lemma 3.5(i), we immediately obtain the following corollary, 
which improves Lemma 3.5(ii) by extending the range of q from {q-{L), q.\.{L)) to {p-{L), p_|_(L)). 

Corollary 3.12. Let L be as in (1.1) and satisfy the Elliptieity condition {£q). Let fc € N, 
q € {p-{L), p+(L)) and Sh,L,k be as in (1.18). Then there exists a positive constant C such that, 
for all f G 

||5/i.L,fc(/)IL,(K„) <C||/|U,(Mn). 

We are now in a position to prove Theorem 1.8. 

Proof of Theorem 1.8. We first prove Theorem 1.8(i). If p G (0, 2], by Proposition 2.15, we know 
that = H^(W^). Thus, to finish the proof of Theorem 1.8(i), it suffices to consider the 

case p G (2, p+(L)). 

Moreover, by Lemma 3.5(i) and a density argument, we see that, for all p G (2, p+{L)), 

HliR-) C 

On the other hand, for all p G (2, p+(L)), by an argument similar to that used in the proof of 
(3.33), we know that, for all fc G N and / G L^(K."), 

II/IIli>(R") ^ \\SL,kif)\\LP{R^), 

which, combined with Lemma 2.12 and a density argument, implies that, for all p G (2, p^(L)), 

C HliRn. 

This shows that Theorem 1.8(i) holds true. 

We now prove Theorem 1.8(ii). To show the inclusion that Rg^ ^ -f^L(®")! for riH 

p G (0, p+{L)), by Theorem 1.8(i) and Corollary 3.11, we conclude that, for all / G L^(IR"), 

ll/lli?|’(R") ll*5'L.fc+l(/)||^p(Rn) ^ \\Sh, L,kif)\\l,p(g_n'f , 

which, together with a density argument, implies that Rg^ ^ Rg{R^). 

For the converse inclusion, if p G (p_(L), p+(L)), by Propositions 3.10(ii) and 3.6, we see that, 
for all / G nLP(R"), 

\\Sh,L,k{f)\\LP{Rp) ^ ||-5'i,(/)||lp(R") ^ ||/||lp(R"), 
which, combined with Lemma 2.12 and a density argument, implies that 7J£(R") C Rg^ ^ 
holds true in the range p G {p-{L), p+(L)). 

If p G (0, 1], by considering the action of Sh, l, k on each (p, 2, M, e)z,-molecule (see, for example, 
[15, (4.4)] for a proof of a similar conclusion) and Theorem 2.11, we know that, for all p G (0, 1] 
and / G RliW^), 

ll'S'/t,L,fc(/)||^p(R„) ^ II/IIlp(r"-) 5 

which, together with the conclusion in the case p G {p-{L), p_|_(L)), Lemma 2.12, the interpolation 
(see Proposition 2.8 together with [30, p. 52, Theorem]) and a density argument, implies that 
Rg(RP) C Rg^ ^ holds true for all p G (0, q+{L)). This finishes the proof of Theorem 

1.8. □ 
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